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Abstract

Pythagorean numbers have captured the imagination of the man for their
beauty from the times of Pythagoras (i.e., from 582 BC) or possibly before.
The most familiar Pythagorean triples are (3,4,5) and (5,12,13). These
numbers can be generated! algebraically. The purpose of this paper is to

. introduce a novel method of generating Pythagorean triples,
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1. Introduction

These numbers are the lengths of the sides of a right triangle. That is

32+42= 52and52+122=132

Throughout the history various algebraic formulations! have been used to
generate these numbers. Pythagoras himself is credited with using the set of
formulae

X =2n + 1, Y = 2n2+ 2n, and Z =2n2+ 2n + 1

to generate these triples. However, this formulation does not account f<~rall
right triangles with integral sides. Another widely used set offormulae are

X =2UT, Y = U2- T2, and Z =U2+ T2.

Description

For Pythagorean triples of positive integers X,Y,Z to exist

X2+y2_Z2= (X-1)X +(Y-1)Y-(Z-l)Z +X+Y-Z=O
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However, for any integer X; (X-I) X is divisible by the number 2
(i.e., (X-I) X is even).

Hence, (X-I) X + (Y-I) Y - (Z-I) Z is divisible by the number 2.

Therefore, for triples X,Y, Z to exist

X2 + Y? _ Z2 = 0

and X + Y - Z = 2S

(1)

(2)

where S is a positive integer, as X +Y> Z.

From equation (2)
2 2 2 2

X +2XY+Y = Z +4ZS+4S

Combining with equation (1),

2XY = 4ZS+4S
2

i.e., Z XY-S
2S

Hence, for Z to be an integer

XY=2PS (3)

where P is a positive integer. Then from equation (3)

Z=P-S (4)
and

y=2PS
X

substituting Y = 2~S and Z = P - S in equation (2), and manipulating, you get

2
X - (P+S)X +2PS =0. (5)

Similar equation holds fofy. Hence, equation (5) gives X,Y and

P+S±D
2

(6)X,Y

I
2 2

Where D =" (P-3S) - 8S

But, X and Y are Integers. Hence, a necessary condition for a solution to
exist is that D must be an integer.
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Hence, for solutions to exist,
222D = (P_L)2 = P2-2PL+L =P2-6PS+S (7)

where L is an integer.

From equations (6) and (7)

X Y = P+S ± (P-L), 2 (8)

hence, X = _P+--'-(S-,-------'L)
2

with L>3S (i.e., Z>X), (9)

and Y = S+L
2

where L+S is even (10)

Rearranging the terms in equation (7)

(L -S)(L+S) .P = with (L+S) even
2(L-3S)

(11)

Thus, equation (11) gives the relationship between the integers P, L,
andS.

In order to obtain the Integer P, which is necessary to generate a Pythagorean
triple (X,Y,Z), the values of Land S are chosen in equation (11), with the
conditions L>3S and (L+S) being even.

Generation of Pythagorean triples by this manner is illustrated below.

For example, in the case L = 92S

P = 77S112 from equation (11),
and taking S=12, then Z = 77-12 = 65, X= 56SI12=56, and Y= l1S/4=33
from equations (4), (9), and (10).
i.e., (Z,X,Y)=(65, 56, 33) with (P,L,S)=(77, 54, 12)

Thus, for each Pythagorean triple (X,Y,Z) there is a complementary triple
ofIntegers (P,L,S).

Similarly, when L=3S+4,
P= (S+2)(S+'I) from equation (11),
and taking S=I, then Z= 6-1 =5, X=(S+2)S=3, Y=2S+2=4.
i.e., (Z,X,Y)=(5,3 ,4) with (P,L,S)=(6,7, 1).
Here, L is deliberately chosen such that L>P so that Y becomes greater than X.
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When conditions specified with equation (11) are satisfied, integers (Z,X,Y)
generated ate the Pythagorean triples. However, when these conditions are
violated, fractions are generated for Z, X, and Y. These fractions when
multiplied by the least common multiple of their denominators (of the three
fractions), it produces the three corresponding integers which constitute a
Pythagorean triple.

For example, when L=6 and S=1 then P=35/6 giving

(Z,X,Y) = el' 2g, 1) .Hence, by multiplying by the number six (i.e., to

make P an integer), (Z,X,Y) = (29,20,2 1) with "new" (P,L,S)=(35,36,6).

Similarly, it also works for negative numbers as illustrated below. When
L=5, S=3, then P=-2, (i.e., S<L<3S)
giving (Z,X,Y) = (-5,-3,4).

Hence, equations (4), (9), (10), and (11) can be used to generate
Pythagorean triples.

The numbers generated in this manner can compared with that generated
. . 2 2 2 2

by the familiar method X = 2UT, Y= U - T , Z = U + T . Tables (l) and (2)
give such comparison of Pythagorean triples for the first few values of T
and U, respectively.
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Pythagorean multipication Corresponding
L S P X,Y,Z triple factor values of

V T

4 I 15/2 6,5/2,13/2 12,5,13 2 3 2

5 I 6 4,3,5 4,3,5 I 2 I

6 I 35/6 lR, l~L2j 20,21,29 6 5 2

7 I 6 3,4,5 3,4,5 I 2 I

7 2 45/2 40,~, .4} 40,9,41 2 5 42 2

8 I 63/10 28/1 0,45110,5311 ° 28,45,53 10 7 2

8 2 15 12,5,13 12,5,13 I 3 2

9 I 20/3 8/3,15/3,17/3 8,15,17 3 4 I

9 2 7716 56/6,33/6,65/6 56,33,65 3 7 4

10 I 99114 36/14,77114,85/14 36,77,85 14 9 2

10 2 12 8,6,10 4,3,5 1/2 2 I

10 3 91/2 84/2,13/2,85/2 84,13,85 2 7 6

II I 15/2 5/2,12/2,13/2 5,12,13 2 3 2

II 2 117110 72110,65/1 0,97/10 72,65,97 10 9 4

II 3 28 24,7,25 24,7,25 I 4 3

12 1 143118 44/18, ]]7118, 125/18 44,117,125 18 ]] 2

12 2 35/3 20/3,21/3,29/3 20,21,29 3 5 2

12 3 45/2 36/2,15/2,39/2 12,5,13 2/3 3 2

Table 1. Give the comparison of Pythagorean triples generated for the first
few values ofL and S with the corresponding values ofU and T.
Note that some of the X, Y, and Z values are multiplied by a
common factor to obtain the triples.
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Pythagorean Correspomding
U T triples values of

X,Y,Z
S L P

2 1 4,3,5 1 5 6

3 2 12,5,13 2 8 15

4 1 8,15,17 3 27 20

4 3 24,7,25 3 11 28

5 2 20,21,29 6 36 35

5 4 40,9,41 4 14 45

6 1 12,35,37 5 19 42

6 5 60,11,61 5 17 66

7 2 28,45,53 10 80 63

7 4 56,33,65 12 54 77

7 6 84,13,85 6 20 91

Table 2. Give the comparison of Pythagorean triples generated for the first
few non-trivial values of U and T with the corresponding values
ofS and L.


