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INTRODUCTION:

In econometric literature there are several testing procedures to detect
structural changes in various econometric models when the parameters
changing points (switching points) are a priori known. However, there are
some situations we have strong reasons for suspecting that the parameters of a
model are not constant over the given sample period but we do not have a
priori knowledge about the parameters changing points. In the literature
this variation has been modelled in two principal ways. The first approach
typically allows for an infinite number of possible parameters values and for
random parameter variations. In this case the appropriate econometric
techniques i1s based on the random coefficient regression model. In the
second approach we assume that the number of possible parameters changes
may be finite (usually small). In this paper we shall consider the second app-
roach by assuming that the number of parameters changes within a given

sample is one. In otherwords there are only two regimes associated with a
given sample.

This type of problem does arise in econometric studies. As an example
consider the consumption function C = a+bY. Aggregate consumption
depends upon the level of aggregate (disposable) income. In addition, it
may be hypothesised that consumption depends non-linearly on other factors
such as the state of expectations concerning the future of the economy, the
volume of instalment buying, the level of the interest rate, etc. These other
variables may have the effect of altering the parameters of the consumption
function 1n the following fashion: when the critical outside variable (say, the
rate of interest) i satisfies

1 < 1%
then

C=a + b, Y
and when

i > 1¥

C=a + b,Y

where 1* is the level of the outside variable in question.
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In general, one may not be able to identify the critical outside variable
and, as a result of this, one may not be able to state at what time the system
C = a + bY changes from one regime to the other.

There are two fundamental problems associated with this type of regression
model.

(i) Given a sample of observations how can we test whether there is any
shift of coeflicients or not?

(i1)) If there is a shift of coefficients how can we estimate the switching

point and the parameters of the model?

Several studies have been done with respect to the first problem. There-
fore we limit our study to consider only the second problem.

2. Bayesian Analysis of a Switching Regression Model
2.1 Basic Assumptions

Let us consider the multiple regression model

Yi = X j. ﬂ]_ C; ] = 1, ........ y t (1)
Vi = Xi. ﬂ2 + € 1 — t+1, ........ . T - (2)

where v, is the 1 th observation on the dependent variable, x; 1is the 1 th
observation on the k independent variables, #,, [, are the parameter
vectors for two regimes, e; is the i th value of the disturbance term and
t is the switching time point. To analyse this model we make the following
assumptions:

(1) Thee, 1=1, ........ , T are normally and independently distri-
buted, eac_:h with mean zero and common variance o°.

(1) The x; 1=1, ........ , T, are fixed nonstochastic variables or they
are random varlables distributed independently of e;, with a probability
density function not involving the parameters f,, 4,, and o2

(ii1) All unknown parameters have independent prior distributions and
: and log ¢? are uniform over the whole real line. The assumption
P Po g p

of the uniform distributions means that our prior knowledge about f,, £,
and log ¢?i1s vague compared with that obtained from the observations.
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(iv) Prior distribution of tis p(t). The only assumption about it is that
plt|t=D= ............ —p(t | t=k-1) =o, pt|t=T-(k-D)=. ......
—p (t | t=T) = o. This assumption guarantees that both regimes consist
at least k observations.

2.2 Posterior Distributions of the Parameters.

Let & = (B, fas 02 t) be the parameter vector of the model. To form
the likelihood function under assumptions (i) and (i) we write the joint pro-
bability density function for y and x, namely

pyx | O,p) =2 | x,0)g(x | u) -()

where ;1 denotes the parameters of the marginal probability density function
of x. Since by assumption g does not involve any parameter in ¢, the like-
lihood function for 8 can be formed from the first factor on the right hand
side of the equation (3).

Thus the likelihood of y, given x, for both models (1) and (2) is

T . 1 1 1
p(y } X? 0) & 0.- exp{' - I:(Yl'xlﬂl) (Yl'Xl /81)+(Y2"X2/82) (Yﬁ-x2/82) :I}

20
where Y; 1 = (V15 coevrvronemnrnnnns Vo) s Xt = (X1 eiieirinnnnnnnn. XL, ) —(4)
and Y, = (V t41, ciererreemnnnnnen, V1) s Xlg = (X1 i1y ceerereencrrennins , X1 )

According to these definitions we can see that Y,, Y,, X;, and X, all
are function of ft.

If we define

A —1 A1 A
g = X4 X;) XjtY; and 572 = (Yi-X; f;) (Yi-X;05)

fori = 1,2, we can write the likelihood function (4) in the following way :
-_']; f 1 A A
l.e p(Y | X,0) o oexp 1 -—2 [512 + ([, - f) XL X, (;31'/31)
- 20

£ 8,2 4 (ﬂg-ﬁz)lxaxz(ﬂz-ﬁz)]}—-(S)
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Since the joint posterior distribution of the parameters

p(O1XY) =pYI|X0)p @®)

0'2

where p (t) is the prior probability density function of t, we can write

- (T+2) 1 a1 A
p(0 | X,Y) o exp {" —2 [321 + Sp% + (131'/31)X11X1(/31',31)
20°

+- (ﬁz'ﬂhz)lxlzxz(ﬂz'/éz) :| }p(t)

— (6
Let us define §* = §5;2 + S,2, t =k, .......... , T-k. )
Then the posterior probabﬂlty density function of t is given by
p(t]X, Y)“f f f P(O1X,Y) dp dg,ds
00 -00
boo-(T2K
cx|X11X1| |X1 Xs | (S?) 2 p(t) — (7)

Posterior probability density function of g,

P(A X Y) cxz f fp(@lX Y)dﬂgda

-00

: (5)

> XX B B oY
t=k (Sz) q2

— (8

Posterior probability density function of  f,

T-K o0

P(A:1X,Y)« z f f p(6|X,Y) dp; do?
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T-k ) A~ (T-k)
}* Frl + (Ba- o) XN Xo( fa- )92
o L, X1 Xz_l [ —-———-———-—-——-———————-——-—-]p (t | X, Y)
t=k K/s 54 |
(5%) — (%)

and posterior probability density function of ¢?

T-k od 00
p(a? |X,Y) « Z f f P(0|X,Y) ds, d g,
t=k

-00 =00

T-k (T-2k) S2
az G 2 2 ""'27?2 -
(?) e p(tIXY) — (10)
t=k —_
0.2

In the Baysian approach for positive definite quadratic loss function the
mean of the posterior density functions, if they exist are the point estimates of
the parameters. Using this resulf we can obtain the point estimates of the
unknown parameters of the regression models (1) and (2).

First we consider the posterior probability density functions of £#; and £,
By comparing with multivariate student t distributions we can see that the
posterior distributions of #, and f, are sum of multivariate student t distri-
butions with mean £, and f#, respectively.

Hence we obtain

T-k
E(ﬂ1IX:Y)= Z /§1P(th,Y) - (11)
t=k
and _
T-k
E(ﬁzIX:Y) = Z ﬁzp(tlst)
t=k - (12)

00
By evaluating the integral o?p (c2]1X,Y) do?it can easily be
seen that
O
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T-K
E(o? | X,Y) = Z S p(t X, Y) (13)
T-k-2 t=k '

The mean of the posterior distribution of t can be calculated by using the
following expression

- Tk
E(tIX,Y)=Z tp (tIX,Y) - (14)

t=k
Here E stands for mathematical expectation of the corresponding estimators.

Once we obtained the estimates of unknown parameters we can construct
confidence intervals for these parameters.

Let g' be 1xk vector of constants. Then from (8) the posterior probability
density function of ¢ = g! f;can easily be written as

-k 1 . -(v+1)
(a2 | XY)a 1+ (a-a)? 2 p(t X Y)
p D esp | Tl ]

t=k c S 2 — (15)

. -1 A A
where v=T-2k, c=g'(X;'X;)g and o = g' §,

By comparing with univariate t distribution we can see that
A

(a-a )

(cs?v)

This fact can be utilised to make inference about o .

1 —

T-k

Pr{ .fzz:e[(e,,f)llﬁ‘(,,Y]}=1Zc Pr

{tV 'e l: tl(e,t),tl(f,t)]} p(tiX, Y)
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Where t' (u,t) = (u- o)

(¢ s?fv) — (16)

The confidence intervals for f, can also be obtained using similar pro-
cedure. Now consider the posterior probability density function of ¢2.

T-k
v, — S?2¢°
P(G‘”X,Y)az sz} e

t=k Vo) o p(t|XY)

2
This expression implies that (S ) has the “Chi-square” (X2 ) distribution
with v degrees of freedom. o’

vig-1 =-X?2,

p(XxX?)= 1 (X*?)
——vy/2 e ;X2 S50

F(v/y)2

Using this fact we can construct confidence intervals for o2 as follows.

=
W‘

M

el
{Xve(52 ) Lot %y

The expressions (11), (12), (13) and {14) can be used to get the estimates
for £, s, 0* and t respectively and the expressions (16) and (17) can help
to construct the confidence intervals for A’s and ¢?

i
w

To see the validity of the above result we need great deal of computations
and hence we delete it from this paper.
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