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Most real w orld combinatorial optim ization problem s are difficult to solve w ith  m ultiple objectives 
w hich have to  be optimized simultaneously. Over the  last few years, researches have been proposed 
several an t colony optim ization algorithm s to solve m ultiple objectives. The aim of this paper is to 
review the  recently proposed multi-objective an t colony optim ization (MOACO) algorithm s and compare 
their perform ances on two, three and four objectives w ith different num bers of ants and num bers of 
iterations. Moreover, a detailed analysis is perform ed for these MOACO algorithm s by applying them  on 
several m ulti-objective benchm ark instances of the  traveling salesman problem. The results of the 
analysis have show n th a t m ost o f the considered MOACO algorithm s obtained better perform ances for 
m ore than  tw o objectives and their perform ance depends slightly on the  num ber of objectives, num ber 
o f iterations and num ber o f ants used. ' /

© 2015 Elsevier B.V. All rights reserved.

1. Introduction

A nt Colony O ptim ization  (ACO) w as in troduced  by  D origo and  
S tu tzle in th e  early  1990s w h ich  is b ased  on  th e  b ehav io r o f  na tu ra l 
a n t colonies in  particular, th e  foraging behav ior o f  real a n t species [ 1 j. 
T he ind irec t com m unication  o f  real an ts  in th e  colony u ses pher­
o m o n e  trail laying o n  th e  g round  to  find  th e  sh o rte s t p a th  b e tw een  
th e ir  food source  an d  th e  n e s t  This p roced u re  o f  real a n t  species in 
th e  colony is exploited  by artificial an ts. M oreover, ACOs are  becom ing  
po p u la r approaches fo r solving com binatoria l o p tim ization  (CO) 
prob lem s such as th e  traveling sa lesm an  problem , jo b  sh o p  schedul­
ing p rob lem  an d  quadra tic  assig n m en t p roblem . Recently, ACO 
algorithm s have b een  p roposed  to  solve m ulti-objective p rob lem s 
(MOACO algorithm s). M ost o f  th ese  algo rithm s find  p a re to  optim al 
so lu tions an d  th is characteristic m akes ACO very  attrac tive  to  solve 
m ulti-objective op tim ization  problem s.

T h e  a im  o f  th is  s tu d y  is to  re v ie w  th e  re c e n t MOACO, in c lu d in g  
p a re to  s tr e n g th  a n t  co lony  o p tim iz a tio n  (PSACO), a n d  s tu d y  th e  
p e rfo rm a n c e s  o f  th o se  a lg o r ith m s  b y  c o m p a rin g  th e m . T hese  
MOACO a lg o rith m s hav e  b e e n  ap p lied  to  th e  trav e llin g  sa le sm an  
p ro b le m  (TSP) a n d  sue TSP p ro b le m  in s ta n c e s  hav e  b e e n  co n s id ­
e re d  to  so lv e  tw o , th r e e  a n d  fo u r o b jec tiv es b y  ch an g in g  th e  
n u m b e r  o f  a n ts  a n d  n u m b e r  o f  ite ra tio n s . A d e ta ile d  an a ly s is  h as 
b e e n  d e v e lo p e d  to  an a ly ze  e ach  o f  th e  MOACO a lg o r ith m s b y  
c o n s id e rin g  so m e  o f  th e  p e rfo rm a n c e  in d ica to rs .

* Corresponding author.
E-mail address: ireshaw82@'gm,iil.com (I.D.I.D. Ariyasingha).

hUp://dx.doi.org/10.I016/j.swevo.2UI5.02.0U3 
2210-6502/© 2015 Elsevier B.V. All rights reserved.

T h e  re m a in d e r  o f  th is  p a p e r  is s tru c tu re d  as fo llow s: so m e  
p re lim in a r ie s  a b o u t th e  m u lti-o b je c tiv e  o p tim iz a tio n  p ro b lem , 
trav e llin g  sa le sm a n  p ro b le m  a n d  ACO a lg o r ith m s a re  rev ie w e d  in 
Section 2. Section 3 in tro d u c e s  th e  re c e n t MOACO a lg o rith m s. T he 
e x p e r im e n ta tio n  w ith  th e  a d a p ta tio n  o f  MOACO a lg o r ith m s to  th e  
trav e lin g  sa le sm a n  p ro b lem , p e rfo rm a n c e  in d ica to rs , p ro b le m  
in s ta n c e s  a n d  p a ra m e te r  s e ttin g s  a re  p re se n te d  in  Section 4. In 
Section 5, th e  e x p e r im e n ta l re su lts  o f  th e  s tu d y  a re  ana ly zed . 
Section 6 p ro v id es  so m e  co n c lu d in g  rem ark s .

2. Preliminaries

2.1. M ulti objective optim ization  problem

M any rea l w o rld  p ro b le m s co n s is t m o re  th a n  o n e  ob jec tiv e  
fu n c tio n s  w h ic h  a re  to  b e  m in im iz e d  o r  m ax im ized  s im u lta ­
n eo u s ly  [2j. S ing le  o b jec tiv e  o p tim iz a tio n  p ro b le m s fin d  on ly  o n e  
so lu tio n . H ow ever, m u lti-o b je c tiv e  o p tim iz a tio n  p ro b le m s find  a 
s e t  o f  o p tim a l so lu tio n s . G enerally , th e  m u lti-o b je c tiv e  o p tim iz a ­
tio n  can  b e  p re se n te d  a s  fo llow s:

y  =f(x) = [fi (x),/2(x),.. .,/m(x)j,' 
e(x) = [e,(x),e2(x).....ek(x)]^0,
x  =  (x i ,x 2.......x „ ) e X  ’ ( )

y = ( y t ,y i . - , y m)e Y
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w h e re  X  d e n o te s  th e  decision  space  o f a se t o f  decision  variab les  n 
an d  th e  ob jec tiv e  sp a ce  is d e n o te d  by  Y o f  a se t  o f  ob jec tive  
fu n c tio n s m w ith  k re s tric tio n s.

2 2 . Traveling salesm an problem

T he trav e lin g  sa le sm an  p ro b lem  (TSP) is an  ex ten siv e ly  s tu d ie d  
co m b in a to ria l o p tim iza tio n  p ro b lem  by  c o m p u te r  sc ie n tis ts  an d  
m a th e m a tic ia n s . In TSP, a sa le sm an  s ta r ts  from  h is h o m e  c ity  an d  
re tu rn s  to  th e  s ta r tin g  c ity  by  v isitin g  each  c ity  exactly  on ce  to  
f ind ing  th e  sh o r te s t  p a th  b e tw e e n  a  g iven se t  o f  c ities  11], To 
re p re se n t th e  TSP, a c o m p le te  w e ig h te d  g rap h  G =  (N. E) can  be 
used , w h e re  a se t  o f  n o d e s  N re p re se n ts  th e  c ities an d  E is th e  se t 
o f  arcs w h ic h  h as fully  c o n n ec ted  th e  n o d es . A valu e  dy is assigned  
for e ach  a rc  (i j ) e E to  re p re se n ts  th e  d is ta n c e  b e tw e e n  n o d e s  / an d  
j .  T he d is tan c es  b e tw e e n  th e  c ities a re  in d e p e n d e n t in th e  sy m ­
m etric  TSPs for ev e ry  p a ir  o f  n o d es , th a t  is, dy =  d,,. In th e  
a sy m m e tric  TSP (ATSP), d is ta n c e s  b e tw e e n  th e  c ities a re  n o t 
in d e p e n d e n t fo r a t  lea s t o n e  p a ir  o f  n o d es , w h ich  m ean s , dy ?  d,,.

2.3. A nt colony optim ization algorithm

A nt co lony  o p tim iza tio n  (ACO) is a m e ta -h e u ris tic  w h ich  has 
b e e n  em e rg e d  recen tly , fo r so lv ing  h a rd  co m b in a to ria l o p tim iza ­
tio n  p ro b lem s [ I]. ACO is b ased  on  th e  ch arac te ris tic s  o f  th e  real 
a n t  colon ies. A nts in th e  co lony  find  th e  sh o r te s t  p a th  fo r g a th e r in g  
food by  f req u e n tly  trav e llin g  b e tw e e n  th e ir  n e s t a n d  food source. 
W h e n  a n ts  m o v e  b e tw e e n  n e s t to  th e  food sou rce , th e y  d e p o s it a 
chem ical called  pherom one trails on  th e  p a th  w h ich  can  be  
fo llow ed  by  o th e r  a n ts  to  find  th e  sh o r te s t  p a th  to  th e  food source. 
If no  m o re  p h e ro m o n e  is laid d o w n  th e  p h e ro m o n e  tra il ev apo­
ra te s  ov er tim e . This in d ire c t co m m u n ica tio n  b eh av io r  o f  real an ts  
is b ased  o n  th e  artific ial an ts .

Artificial a n ts  find  so lu tio n s  by  tra n s itin g  from  o n e  n o d e  to 
a n o th e r . Also, th e y  u se  specia l d a ta  s tru c tu re  w h ich  s to re s  in  th e  
m e m o ry  to  k e e p  th e ir  p rev io u s ac tio n s  an d  it is u sed  w h e n  a n ts  
m ove from  o n e  n o d e  to  an o th er. Each p a th  has c o n s ta n t a m o u n t o f 
p h e ro m o n e  w h e n  an  a n t  s ta r ts  its jo u rn e y  from  th e  firs t node. 
A fter th e  a n t  co m p le te s  its  to u r  b y  v isitin g  th e  firs t n o d e  to  th e  last 
nod e , th e  p h e ro m o n e  trail o f  all p a th s  a re  u p d a te d . If th e  
c o m p le ted  p a th  b y  th e  a n t  is a good  p a th , th e n  th e  p h e ro m o n e  
tra il o f  th a t  p a th  w ill b e  h ig h  a n d  v ice versa . Also p h e ro m o n e  tra ils  
a re  e v a p o ra te d  in each  p a th  b e fo re  ap p ly in g  th e  n e w  p h e ro m o n e  
trail. F u rth e rm o re , w h e n  th e  a n t  m oves, it  co n s id e rs  heuristic 
information  w h ich  m e a su re s  th e  q u a lity  o f  th e  g iven p ro b lem .

2.3.1. A nt system
D origo e t  al. [3] p ro p o se d  th e  firs t a n t  colony o p tim iza tio n  

a lg o rith m . A nt S ystem  (AS) fo r so lv ing  s to c h astic  co m b in a to ria l 
o p tim iza tio n  p ro b lem s. This a p p ro a c h  w as  ap p lied  to  th e  classical 
trav e lin g  sa lesm an  p ro b lem  a n d  also  to  th e  a sy m m e tric  trav e lin g  
sa le sm an  p ro b lem , th e  q u a d ra tic  a s s ig n m e n t p ro b le m  an d  th e  jo b  
sh o p  sc h ed u lin g  p ro b lem . All th e  p h e ro m o n e  v a lu es a re  a sso c ia ted  
w ith  ed g es an d  th e  initia l p h e ro m o n e  valu e  o f  each  ed g e  se t is 
equ a l to  th e  g iven  valu e  t0. T he h e u ris tic  in fo rm a tio n  rj s e t  to  1 /d y  
. w h e re  dy r e p re se n ts  th e  d is ta n c e  b e tw e e n  th e  city  i an d  j.  
Initially, m  a n ts  a re  p laced  in to  th e  ra n d o m ly  se lec ted  cities. 
T h ereafter, ev e ry  a n t  k m o ves from  city  i to  city  j  u sin g  th e  
p ro b ab ility  g iven  in th e  fo llow ing  eq u a tio n :

f t o f t i i i i r  j f . e N t
P j -  E „ eN![ y W  ’ (2)

[ 0 o th e rw ise

T he re la tiv e  im p o rta n c e  o f th e  p h e ro m o n e  tra il a n d  th e  
h e u ris tic  in fo rm a tio n  a re  re p re se n te d  by  th e  p a ra m e te rs  a  an d

P, respectively . N \ is th e  feasib le  n e ig h b o rh o o d  o f a n t  k in c ity  i. 
A fter n ite ra tio n s  all th e  a n ts  hav e  co m p le te d  a tour, th e  p h e r ­
o m o n e  tra ils  a re  u p d a te d . First th e  p h e ro m o n e  tra il is e v a p o ra te d  
an d  th e n  p h e ro m o n e s  a re  d e p o s ite d  on  arcs th a t  a n ts  hav e  v isited  
as in th e  fo llow ing  eq u a tio n :

Ty =  C \-p )T y +  ^ 2  (3)
k = 1

T he p h e ro m o n e  e v a p o ra tio n  ra te  d e n o te s  by p (0 <  p  <  1) an d  
th e  a m o u n t o f  p h e ro m o n e s  d e p o s ite d  by  a n t  k on  arc  ( i j )  d e n o te s  
by A p t.  In AS A r |  is d e fin ed  as follow s:

w h e re  Q is a  c o n s ta n t an d  Lk b e in g  th e  to ta l len g th  o f  th e  to u r  o f 
th e  k -th  an t.

2 .3 2 . A nt colony system
D origo an d  C a m b ard e lla  |4 i in tro d u c e d  th e  a n t  co lony  sy s tem  

(ACS) w h ich  is b ased  on  th e  a n t  sy s te m  (AS) a lg o r ith m  an d  it has 
im p ro v ed  th e  efficiency o f  AS w h e n  ap p lied  to  th e  trav e lin g  
sa le sm a n  p rob lem . A rtificial a n ts  o f  ACS u se  para lle l se a rc h in g  
p ro c e d u re  to  find b e t te r  so lu tio n s  for sm all TSP in s tan c es . ACS 
id en tified  th re e  m ain  m o d ifica tio n s w h ich  d iffer from  th e  A nt 
System .

(i) Each a n t  in ACS uses th e  s ta te  tra n s itio n  ru le  to  se lec t th e  n e x t 
n o d e  to  be  v is ited  as g iven  in th e  fo llow ing  eq u a tio n :

( a rg  m a x [ r „ ] > ,  f  if q <  q0
J -  (5)

( J o th e rw ise

w h e re  q is a  ra n d o m  n u m b e r  se lec ts in [0 . 1] an d  q e [0 . 1] is a 
p a ram e te r , j  is a ra n d o m  valu e  ca lcu la ted  u sin g  th e  p ro b ab ility  
d is tr ib u tio n  g iven  by  Eq. (2). p  is a p a ra m e te r  w h ich  re p re ­
se n ts  th e  re la tiv e  im p o rta n c e  o f p h e ro m o n e  in fo rm a tio n  
v e rsu s  d is tan c e . W h e n  c o n s id e r  th e  Eqs. (2) and ! 5) to g e th e r  
it is ca lled  p se u d o -ra n d o m -p ro p o rtio n a l ru le.

(ii) A fter all a n ts  co m p le te d  th e ir  tou r, th e  g lobal u p d a tin g  ru le  is 
ap p lied  for th e  b e s t a n t  to u r  from  th e  b e g in n in g  o f  th e  trail 
an d  d e p o s it  th e  p h e ro m o n e s  u sin g  th e  fo llow ing  e q u a tio n :

Ty =  ( 1 - p ) T y + p A l f s‘ (6)

T he b e s t a n t  d ep o s its  th e  p h e ro m o n e  A r | fst =  1 /Lgb. w h ich  
g e n e ra te s  th e  b e s t so lu tio n . W h e re  th e  len g th  o f  th e  b e s t a n t 
to u r  from  th e  b eg in n in g  o f  th e  ru n  d e n o te s  as Lgh.

(iii) A fter an  a n t m oves from  o n e  n o d e  to  an o th e r , th e  local 
u p d a tin g  ru le  is p e rfo rm e d  for th e  p h e ro m o n e  trail o f  th e  
e d g e  as in th e  fo llow ing  eq u a tio n :

ri) =  (1 - p l r y + p A r y  (7)

w h e re  A ry  =  r0. r 0 is th e  in itia l p h e ro m o n e  tra il o f  th e  edge.

3. Multi objective ant colony optimization algorithms

3.1. Pareto strength ant colony optim ization (PSACO)

T h an tu la g e  [5] in tro d u c ed  p a re to  s tre n g th  a n t  co lony  o p tim iz a ­
tio n  (PSACO) a lg o rith m  w h ich  is b ased  o n  th e  firs t a n t  co lony  
a lg o rith m , a n t sy s tem  (AS). For all o f  th e  ob jec tiv es it u ses a sa m e  
p h e ro m o n e  m a tr ix  w h ile  p h e ro m o n e  trail is u p d a te d  u sin g  th e  
d o m in a tio n  co n cep t as in SPEA II [6]. PSACO a lg o r ith m  h as b e e n  
e x te n d e d  to  so lve m u lti-o b jec tiv e  p ro b lem s. W h e n  an  a n t  m o ves 
from  o n e  n o d e  to  a n o th e r  it u ses th e  ra n d o m  p ro p o sitio n a l ru le  as 
d efin ed  in a n t  sy s tem  (AS) a lg o rith m  (Eq. :'2}).

P lease  c ite  th is  a r tic le  as: LD.I.D. A riyasingha, T.G.I. F ernando , P e rfo rm an ce  an a ly s is  o f  th e  m u lti-o b jec tiv e  a n t  co lony  o p tim iz a tio n  
a lg o rith m s fo r th e  traveling .... Swarm  and  E volutionary C om putation  (2015). http: ,dx.doi.org 10.1016.'j.swevo.2015.02.003
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P h ero m o n e  u p d a tin g  p ro c e d u re  is th e  m a jo r  ch an g e  in th is  
a lg o rith m . For each  i te ra tio n  t. PSACO a lg o r ith m  m a in ta in s  tw o  
se ts  o f  so lu tions; p o p u la tio n  Pt a n d  a rch iv e  A,. S o lu tio n s p ro d u ced  
by  th e  c u r re n t ite ra tio n  is k e p t  in  th e  se t, p o p u la tio n  Pt. Also, 
a rch iv e  A t c o n ta in s  a fixed n u m b e r  o f  g lobally  b e s t  n o n -d o m in a te d  
so lu tio n s . If th e  size o f  th e  a rch iv e  is g re a te r  th a n  th e  n u m b e r  o f  
g lobally  b e s t n o n -d o m in a te d  so lu tio n s , th e n  th e  a rch iv e  At fills up  
b y  th e  c u r re n t  b e s t d o m in a te d  so lu tio n s . A s tr e n g th  v a lu e  is 
a ss ig n ed  fo r th e  n u m b e r  o f  so lu tio n s  d o m in a te d  b y  each  ind iv id u a l 
in th e  p o p u la tio n  P, a n d  th e  a rch iv e  A , a s  in  th e  fo llow ing  
eq u a tio n :

S(i) =  101/ e  Pr U A t a  i >  j} | (8)

w h e re  th e  ca rd in a lity  o f  a  se t  is d e n o te d  by  | • | a n d  i > j  r e p re se n t  
th a t  so lu tio n  i d o m in a te s  so lu tio n  j .  O n th e  b as is  o f  th is  S(i) value, 
th e  raw  fitn e ss  R (i) o f an  in d iv id u a l so lu tio n  i is ca lcu la ted , k - t h  
n e a re s t  n e ig h b o u r  m e th o d  is u se d  to  ca lcu la te  th e  d e n s ity  infor­
m a tio n  D(i). A fter th a t, u sin g  Eq. (9) th e  q u a lity  Q(i) o f  a so lu tio n  / 
is ca lcu la ted :

Q<l> =  R(i)+D(i)  (9)

T his Q(i) v a lu e  is u se d  fo r th e  p h e ro m o n e  u p d a tin g  o f  PSACO 
a n d  i t  u se s  th e  p h e ro m o n e  u p d a tin g  p ro c e d u re  a s  in  AS (a n t  
sy s tem ) a s  d e fin ed  in  Eqs. (3 ) an d  (4). Finally, n e w  arch iv e  is 
c rea ted  by  copy ing  all th e  n o n -d o m in a te d  so lu tio n s  fro m  th e  
p o p u la tio n  P( a n d  th e  a rch iv e  A t. S om e so lu tio n s  a re  rem o v ed  
fro m  th e  a rch iv e  if  n o n -d o m in a te d  so lu tio n s  a re  g re a te r  th a n  th e  
fixed  size  o f  th e  arch ive .

3.2. Crowding population -based an t colony optim iza tion  (CPACO)

A ngus [7] in tro d u c e d  th e  c ro w d in g  p o p u la tio n  b a se d  a n t  
co lony  o p tim iz a tio n  (CPACO) a lg o r ith m  fo r so lv in g  th e  m u lti­
o b jec tiv e  trav e lin g  sa le sm a n  p ro b le m  a n d  it e x te n d s  th e  
p o p u la tio n -b a se d  a n t  co lony  o p tim iz a tio n  a lg o r ith m  (PACO). 
CPACO u se s  a  c ro w d in g  re p la c e m e n t sc h e m e  w h ile  th e  PACO uses 
th e  su p e r /s u b  p o p u la tio n  sc h em e . M oreover, th is  sc h e m e  m a in ­
ta in s  a  p re se t  size  o f  s in g le  p o p u la tio n  (S) a n d  ra n d o m ly  g e n e ra te d  
so lu tio n s  a re  u se d  to  in itia lize  it. E very  g e n e ra tio n  i t  c re a te s  a  n e w  
p o p u la tio n  o f  so lu tio n s  (V) a n d  to  fin d  its  c lo se s t m a tc h  a 
ra n d o m ly  se lec ted  su b se t S' o f  S is c o m p a re d  w ith  e ach  n e w  
so lu tio n . If th e  n e w  so lu tio n  is b e t te r  th a n  th e  e x is tin g  so lu tio n  it 
rep laces  th e  e x is tin g  so lu tio n  w ith  th e  n e w  so lu tio n . CPACO u se s  
d if fe re n t h e u r is tic  m a tr ic es  w ith  a  sa m e  p h e ro m o n e  tra il fo r each  
o b jec tive . It in itia lizes th e  p h e ro m o n e  m a tr ix  w ith  so m e  in itia l 
v a lu e  Tinit. T h erea fte r, p h e ro m o n e  v a lu es o f  all so lu tio n s  a re  
u p d a te d  in  e a c h  ite ra tio n , acco rd in g  to  th e ir  in v e rse  o f  th e  ra n k  
a s  in  th e  fo llo w in g  eq u a tio n :

ATjj~ s rank (10)

A n in te g e r  ra n k  is a ss ig n ed  fo r all so lu tio n s  in  th e  p o p u la tio n  
u sin g  th e  d o m in a n c e  ra n k in g  m e th o d . CPACO g e n e ra te s  a  c o rre c ­
tio n  fac to r  (A) o f  th e  h e u r is tic  c o m p o n e n t fo r e a c h  ob jec tiv e  
fu n c tio n  o f  e ach  a n t. T h ere fo re , th is  co rre c tio n  fa c to r  a llo w s each  
a n t  to  u se  d if fe re n t a m o u n t o f  h e u r is tic  m a tr ic es , t r a n s i t io n  
p ro b ab ility  h a s  b e e n  ca lcu la ted  u sin g  th e  fo llo w in g  e q u a tio n :

f r j " - n s .
( 11)

S u m m ary  a t ta in m e n t  su rface  c o m p a riso n  a n d  th e  C m a tr ix  
(d o m in a n c e  ran k in g ) p e rfo rm a n c e  m e a su re s  a re  u se d  to  te s t  th e  
p e rfo rm a n c e  o f  th e  CPACO a lg o rith m . T h is p e rfo rm a n c e  m e a su re s  
u se  to  te s t  w h e th e r  th e  so lu tio n s  a re  c lose to  p a re to  f ro n t  a n d  a lso  
it o b ta in s  a  d iv e rse  se t  o f  so lu tio n s . M oreover, th e  co m p a riso n  h a s

b e e n  d o n e  b e tw e e n  th e  CPACO an d  th e  PACO a lg o rith m s. The 
CPACO a lg o r ith m  o b ta in s  b e t te r  so lu tio n s  b y  co v erin g  th e  all a reas  
o f  th e  p a re to  f ro n t a s  i t  lo c a te s  a n d  m a in ta in s  a  d iv e rse  s e t  o f  
so lu tio n s . B oth a lg o r ith m s  u se  th e  d is ta n c e  so r tin g  ro u tin e . CPACO 
a lg o rith m  m a in ta in s  a  sm a lle r  p o p u la tio n  th a n  PACO a n d  to  assign  
ran k s  to  so lu tio n s  i t  a p p lie s  a  so r tin g  m e th o d  fo r n o n -d o m in a te d  
so lu tio n s . To a ss ig n  ra n k s  to  th e  o b jec tiv es PACO u se s  th e  av erag e- 
ran k -w e ig h t m e th o d . T herefo re , CPACO o b ta in e d  b e t te r  re su lts  a n d  
its  c o m p u ta tio n a l co m p lex ity  is lo w e r  th a n  PACO.

3.3. An efficient a n t colony optim ization  algorithm  fo r  m ulti­
objective f lo w  shop scheduling problem  (ACOMOFS)

R a b an im o tlag h  [8 ] in tro d u c e d  a n  effic ien t a n t  co lony  o p tim iz a ­
tio n  a lg o r ith m  for so lv ing  flo w  sh o p  sc h ed u lin g  p ro b le m  a n d  it  is 
n a m e d  “ACOMOFS." It u se s  on ly  o n e  co lony  h av in g  o n e  p h e ro ­
m o n e  s tru c tu re  a n d  sev era l h e u r is tic  m a tr ic e s  to  o p tim ize  tw o  
o b jec tives , m a k e sp a n  a n d  to ta l flo w  tim e . In o rd e r  to  ap p ly  th e  
s ta te  tra n s itio n  ru le , a  ra n d o m  n u m b e r  q is g e n e ra te d  in  th e  ran g e  
[0,1]. If th e  g e n e ra te d  n u m b e r  q ^  qa, se lec ts  th e  n e x t jo b  acco rd ­
in g  to  th e  ex p lo ita tio n  s te p  g iven  in  th e  fo llow ing  e q u a tio n :

j= a r g m a x { ( r j ) " (» /} / l  (12)

E x p lo ra tio n  s te p  is p e rfo rm e d  a s  fo llow s w h e n , q >  q0.

(tf f f i i j f
V j e N (13)

w h e re  th e  re la tiv e  im p o rta n c e  o f  e x p lo ra tio n  v e rsu s  ex p lo ita tio n  is 
d e n o te d  by  q0. r j  d e n o te s  th e  p h e ro m o n e  tra il o f  th e  sc h ed u le  
w h e n  p lac in g  o f  jo b  j  a t  p o sitio n  t. rjj d e n o te s  th e  h e u ris tic  
in fo rm a tio n  o f  p o s itio n in g  jo b  j  a t  p o s itio n  t  o f  th e  sc h ed u le . T he 
re la tiv e  im p o rta n c e  o f  th e  h e u r is tic  p re fe re n c e  an d  th e  p h e ro m o n e  
tra il a re  re p re se n te d  b y  a n d  a  respec tive ly . W h e n  se lec tin g  th e  
n e x t jo b  j  o f  th e  sc h ed u le , th e  h e u r is tic  p re fe re n c e  is ca lcu la ted  in 
e ach  c o n s tru c tio n  s te p  as in  th e  fo llo w in g  e q u a tio n :

(14)
If th e  jo b  j  h a s  n o t  b e e n  a d d e d  to  th e  sc h e d u le  yet, it  is called  

th e  p a r tia l so lu tio n . T herefo re , th e  to ta l w e ig h te d  o b jec tiv e  fu n c­
tio n  o f  th e  p a r tia l so lu tio n  is re p re se n te d  by  Z \  A fter ad d in g  th e  
jo b  j  to  th is  p a r tia l so lu tio n , th e  to ta l w e ig h te d  o b jec tiv e  fu n c tio n  
is d e n o te d  b y  2 SUJ. B efore, se lec tin g  th e  n e x t jo b  a t  e ach  c o n s tru c ­
tio n  s te p , th e  p h e ro m o n e  tra il o f  th e  s te p  is u p d a te d  by  ap p ly in g  
th e  local u p d a tin g  ru le  a s  fo llow s:

i j  =  M in{T j(l —p')Tj + p ' r u) (15)

w h e re  t u ca lcu la ted  a s  fo llow s:

Tu = 6-
pZ'CBS (16)

w h e re  2?BS d e n o te s  th e  o b jec tiv e  fu n c tio n  v a lu e  o f  th e  g lobal b e s t 
so lu tio n  a n d  0  is a  p a ra m e te r . T he g lobal u p d a tin g  ru le  is 
p e rfo rm e d  a f te r  co m p le tin g  th e  to u r  b y  all a n ts  in  th e  colony. 
T he ite ra tio n  b e s t so lu tio n  o r  th e  g lobally  b e s t so lu tio n  is u se d  to  
ap p ly  th e  g lobal u p d a tin g  o f  p h e ro m o n e  tra ils . T h ere fo re  as th e  
firs t s te p , it  e v a p o ra te s  th e  p h e ro m o n e  tra ils  as in  th e  fo llow ing  
eq u a tio n :

*} =  (!  ~ P ) t j (17)

T hen , th e  g lobal u p d a tin g  ru le  is a p p lie d  as fo llow s:

Ti =  rj + P ^ 5Ss <1 8 )
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M oreover, th e  local search  a lgorithm  has been  coupled  w ith  th e  
m ain  ACO algo rithm  for ob ta in ing  h igh  quality  so lu tions. After 
app ly ing  global updating , th e  ite ra tion  bes t so lu tion  is used  to  apply  
th e  local search  a lgorithm  and  it uses tw o  ty p es o f  ne ighborhood  
structu res. First o n e  is “ad jacen t p a ir w ise  in terchange m e th o d "  and  
th e  second o n e  is “th e  inse rtion  o f  each jo b  in each  possib le position  
o f  th e  sequence.” T he resu lts o f  th e  p roposed  approach  o f  ACOMOFS 
are  com pared  w ith  HAMC algo rithm s [9] an d  MOACSA algorithm
[10]. This show s th a t  ACOMOFS perform s b es t for m akespan  and  
to tal flow  tim e  an d  m ultip le  objectives th an  o th e r  algorithm s. Also it 
archives low er com pu ta tional tim e  to  o b ta in  very  good so lu tions 
w h e n  com pared  w ith  o th e r  algorithm s.

3.4. A nt colony optim ization  fo r m ulti-objective optim ization  
problem s (m-ACO)

Alaya e t  al. [11] p ro p o se d  a  g en e ric  a n t  co lony  o p tim iza tio n  
a lg o rith m  to  so lve m u lti-o b jec tiv e  o p tim iz a tio n  p ro b lem s w h ich  is 
ca lled  “m-ACO." It u se s  severa l a n t  co lon ies w ith  severa l p h e r ­
o m o n e  tra ils  for so lv ing  th e  m u lti-o b jec tiv e  k n ap sack  p ro b lem . 
T he m-ACO a lg o rith m  follow s th e  MAX-M IN A nt S ystem  [12 | 
sch em e. P h e ro m o n e  tra ils  a re  co n n e c te d  w ith  ed g es o r  v e rtice s  
o f  th e  g rap h  a n d  a n u m b e r  o f  p h e ro m o n e  s tru c tu re s  a re  inc luded . 
M oreover, it a s su m e s  th a t  ev e ry  ob jec tiv e  fu n c tio n  u se s  a  o n e  
h e u r is tic  tra il va lu e . T w o b o u n d s  o f  p h e ro m o n e  tra ils  r min an d  xmax 
a re  d e fin ed  to  p re v e n t p re m a tu re  co n v e rg en ce  a n d  th e s e  b o u n d s  
sh o u ld  b e  in th e  in te rv a l 0  <  r ral„ <  t max. At th e  b eg in n in g  o f  th e  
ru n , p h e ro m o n e  tra ils  a re  in itia lized  w ith  u p p e r  b o u n d  o f  
th e  p h e ro m o n e  tra il, r max. A t each  ite ra tio n , an  a n t  e v ap o ra te s  
th e  p h e ro m o n e s  by  co n s id e rin g  th e se  b o u n d s. T he a lg o rith m  
ite ra te s  u n til reach  to  th e  m a x im u m  n u m b e r  o f  ite ra tio n s . At 
ev ery  ite ra tio n , each  v e r te x  o f  th e  g rap h  se lec ts  th e  n e x t v e r te x  to  
m ove w ith in  th e  se t  o f  ca n d id a te  lis t N  a cco rd in g  to  th e  fo llow ing  
p ro b ab ility  as in  th e  fo llow ing  eq u a tio n :

pc(v ,
s ' E  [*s(v,jn>7f(v,)f

v, e N

(19)

w h e re  th e  p h e ro m o n e  tra il a n d  th e  h e u ris tic  fac to r o f  th e  v e rtex  Vj 
is re p re se n te d  by  r |(v ,)  a n d  r^(v,), respectively . T he re la tive  
im p o rta n c e  o f  th e  p h e ro m o n e  tra il an d  th e  h e u ris tic  in fo rm a tio n  
is d e n o te d  by  tw o  p a ra m e te rs  a  a n d  ft. P h e ro m o n e  tra ils  a re  
g lobally  u p d a te d  as fo llow s:

r i f c i - d  - p )  x r i jc i+ A rif c )  (20 )

T h e re  a re  fo u r v a rian ts  o f  th is  g en e ric  a lg o rith m  w h ich  d iffer 
from  th e  n u m b e r  o f  co lon ies an d  p h e ro m o n e  trails .

3.4.1. Variant 1: mACO, ( m + 1, m )
This v a r ia n t u se s  m  n u m b e r  o f  p h e ro m o n e  tra ils  an d  (m + 1 )  

n u m b e r  o f  colon ies, w h e re  n u m b e r  o f  ob jec tiv es a re  re p re se n te d  
by  m =  |F | .  A sing le  d iffe re n t ob jec tiv e  fu n c tio n  is u se d  b y  each  
co lony  a n d  it  co n s id e rs  a  sing le  p h e ro m o n e  tra il w ith  sing le  
h e u ris tic  in fo rm atio n . To o p tim ize  all o b jec tives, it u se s  an  ex tra  
a n t  colony. P h e ro m o n e  m ay  b e  ly ing  o n  v e r te x  v, o r  o n  th e  ed g e  
b e tw e e n  v e rtex  v, an d  th e  v e rtex  o f  th e  p a rtia l so lu tio n  S. 
R andom ly  ch o sen  ob jec tiv es hav e  b e e n  a ss ig n ed  fo r th e  ex tra  
m u lti ob jec tiv e  co lony  fo r o p tim iza tio n . T herefo re , th e  p h e ro m o n e  
tra il co n s id e re d  fo r th is  co lony  is th e  p h e ro m o n e  tra il o f  th e  
ra n d o m ly  ch o sen  colony. T he su m  o f  h e u ris tic  fac to rs  o f  all 
ob jec tiv es is u se d  a s  th e  h e u ris tic  fac to r o f  th e  e x tra  m u ltio b je c tiv e  
colony. T he b e s t so lu tio n  o f  th e  c u r re n t  ite ra tio n  is u se d  to  u p d a te  
th e  p h e ro m o n e  tra ils  in  each  colony. In o rd e r  to  u p d a te  th e  
p h e ro m o n e  tra il w h ic h  co rre sp o n d in g  to  each  ob jec tive , it  uses 
b e s t so lu tio n  o f  each  o b jec tiv e  function .

3.4.2. Variant 2: mAC02 (m + 1 , m )
This u se s  (m + 1 )  co lon ies an d  m  n u m b e r  o f  p h e ro m o n e  

s tru c tu re s . It h as in tro d u c e d  an  e x tra  m u ltio b je c tiv e  co lony  w h ich  
o p tim izes  all ob jec tiv e  fu nctions. This v a r ia n t is a lm o s t th e  sa m e 
as th e  v a r ia n t one . B ut th e  d iffe ren ce  is, to  bu ild  so lu tio n s  o f  th e  
e x tra  m u lti ob jec tiv e  colony  it u se s  th e  p h e ro m o n e  fac to rs  o f  o th e r  
co lon ies. T herefo re , th e  su m  o f  each  p h e ro m o n e  fac to r o f  each  
co lony  is u se d  to  o b ta in  th e  p h e ro m o n e  fac to r o f  th e  e x tra  m u lti­
ob jec tiv e  colony.

3.4.3. Variant 3: mACO2 (1. 1)
This v a r ia n t o f  m-ACO u se s  a s ing le  colony  w ith  s ing le  p h e r ­

o m o n e  s tru c tu re . P h e ro m o n e  s tru c tu re  is d e p e n d e n t on  th e  
c o n s id e red  ap p lica tio n . T he su m  o f  h e u ris tic  fac to rs  o f  all ob jec tive  
fu n c tio n s  is co n s id e re d  as th e  h e u ris tic  fac to r o f  th e  colony. 
P h e ro m o n e  has b e e n  u p d a te d  fo r all n o n -d o m in a te d  so lu tio n s .

3.4.4. Variant 4: mAC04 (1, m )
This varian t o f  m-ACO uses a  single colony an d  m n u m b e r  o f 

p h e ro m o n e  factors. At each s te p  an  objective is chosen  random ly  for 
optim ization . Therefore, th e  p h e ro m o n e  has b een  defined  for this 
random ly  chosen  objective. The su m  o f heu ristic  factors o f all 
objective functions is used  as th e  heu ristic  factor o f  th e  colony. 
P herom one is u p d a ted  for m best so lu tions w ith  regard  to  m  
objectives. E xperim ental resu lts sh o w  th a t th e  mAC04 (1, m ) ob ta ins 
b e tte r  so lu tions for larger instances th an  th e  o th e r  variants.

3.5. M ultiobjective optim ization  o f  tim e cost quality quan tity  using 
m ulticolony a n t algorithm  (MCAA)

S hrivastava  e t  al. IB !  p ro p o se d  a n e w  m u lti-co lo n y  a n t  a lg o ­
r ith m  (MCAA) for o p tim iz in g  fo u r ob jec tiv es -  tim e , cost, q u a lity  
w ith  q u an tity . T he n u m b e r  o f  co lon ies a re  se t  to  be  eq u a l to  th e  
n u m b e r  o f  o b jec tives. Each co lony  uses d iffe re n t h e u r is tic  in for­
m a tio n  an d  d iffe ren t p h e ro m o n e  s tru c tu re . A t th e  tim e  p e r io d  t, 
th e  s ta te  tra n s itio n  ru le  for m o v in g  an  a n t  fro m  n o d e  / to  n o d e  j  
can  b e  g iven  as in th e  fo llow ing  eq u a tio n :

f  a rg  m ax  [r,/ [ » ? , /  if  q <  q0
j — 1 (2 1 )

I J o th e rw ise

At tim e  t, th e  to ta l p h e ro m o n e  tra il d e p o s its  o n  p a th  i j  is 
re p re se n te d  by  r,r  U sing th e  m e a s u re m e n ts  o f  th e  ob jec tive  
fu n c tio n s th e  h e u ris tic  va lu e  o f  p a th  i .j  is d e n o te d  b y  q,j. a  an d  (3 
a re  p a ra m e te rs  w h ich  re p re se n ts  th e  re la tiv e  im p o rta n c e  o f  th e  
p h e ro m o n e  tra il a n d  th e  h e u ris tic  in fo rm a tio n , j  is a n o d e  an d  
th e  p ro b ab ility  d is tr ib u tio n  o f  th e  n o d e  is se lec ted  acco rd in g  to  th e  
fo llow ing  eq u a tio n :

P # )  =
Irjurwop

0

if j  e  a llo w ed  

o th e rw ise
( 22 )

A fter all th e  a n ts  in a  co lony  c o m p le te  th e ir  tour, th e  g lobal 
u p d a tin g  is p e rfo rm e d  for n o n -d o m in a te d  so lu tio n s  as follow s:

T,}( t  +  1 ) « -  p T j j ( t )  +  A  T j j  (23)

w h e re  p  is th e  e v a p o ra tio n  ra te

. ( -Q + -  if ed g e(i.j)  is tra n su e s se d  by  th e  k th  a n t
A rg  =  < nf(k) 6 * (24)

[ 0  o th e rw ise

w h e re  Q is a  c o n s ta n t, n is th e  n u m b e r  o f  o b jec tiv es a n d  th e  va lu e  
o f  th e  o b jec tiv e  fu n c tio n  in each  ite ra tio n  is re p re se n te d  b y /[k ) .
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3.6. Performance analysis of elitism in multi-objective ant colony 
optimization algorithms (AMPACOA)

Bui et al. [14] studied the effect of elitism on multi-objective 
ant colony optimization algorithms and also, to control the effect 
of eljtism a new adaptation strategy is proposed. The proposed 
approach is called as “AMPACOA" and it is based on the first ant 
colony optimization algorithm, ant system (AS). The way of 
pheromone updating is the only difference of this algorithm. This 
adaptation strategy gives an extra weighting to some solutions in 
the archive. The most recently entered solutions to the archive are 
assigned an extra weighting and the solutions are in the archive 
for a long period of time is assigned less weightings. The transition 
probability for moving from node i to node j  is given as follows:

M
(25)

■ •.! k= I !-
where pjj is a probability which can be calculated using Eq. (2), M 
is the number of objectives and w* is the weighting coefficient 
Before laying an amount of pheromone at each location in each 
iteration, evaporation performs to decrease the pheromone trail 
values as in Eq. (17). When considering the adaptive elitism 
procedure, an age is assigned for each solution in the archive. At 
the time f, the coefficient <5 is calculated for the solution h in the 

. archive as follows:
m (26)

where d/, is the age of solution h in the archive and m is the number 
of ants. Using this aging strategy 7$ can be calculated as follows:

4 = 4 + ^  (27)

3.7. A multi-objective arit colony system (MACS) for vehicle routing 
problem with time windows ;

Baran and Schaerer [ 15] proposed a rirolti-objective ant colony 
System (MACS) for solving the vehicle routing problem with time 
windows (VRPTW). The. proposed approach for the VRPTW uses 
only one ant colony to optimize two objectives simultaneously. 
This incorporates the pareto optimal concept to obtain a set of 
pareto optimal solutions. All objectives use two heuristic informa­
tion, rj° and t]'j and a single pheromone trail r  in the colony. It 
follows the same transition rule of ACS to! move from one node i to 
the next node j  by each ant m. But it has applied for the multi­
objective context as foljows: t

( arg maxfri j ln ^ ln h f  if <? £  q0
j= <  (28)

(J  ; otherwise

where q is a random number in [0,7] and the relative importance 
of the objectives is represented by fi. For each ant k , A is computed

as A = k/m. where m is the total number of ants and the next node 
J is selected as in the following equation:

o

if j  e N- 

otherwise
(29)

The local pheromone is updated as follows:

Tij = a-p)T ij+ pT0 (30)

where To is the initial pheromone trail value of each objective 
function:

T° n.f'(sh).f2(sh) (31)

where the initial number of nodes is denoted by n. After complet­
ing each iteration by each ant k, the pareto optimal set P is 
compared with the complete solution of the ant. Then each non- 
dominated solution is included and dominated ones are removed 
from the archive. Using the average values of the pareto optimal 
set, Tq is calculated at the end of each iteration. If rj, > r0, the 
pheromone trail is reinitialized with the new value Tq. Otherwise 
the pheromone trail of each solution in the current pareto optimal 
set is globally updated as follows:

Tij = (1 -P )tij+ P /(f\sh)f2(Sh)) (32)

Table 1 shows the taxonomy of the above MOACO algorithms.

4. Experimentation

To accomplish the experimental comparison, we considered 
only the seven MOACO algorithms that have been presented in the 
above section because they have been implemented in most recent 
years and their final aim is to produce a set of nom-dominated 
solutions. However, the pareto strength ant colony optimization 
(PSACO) algorithm presented in Section 3.1, has been proposed 
and applied to automatic multi-objective hose routing in 3D space. 
The experimental results have shown that solutions of P-ACO are 
dominated by the corresponding solutions of PSACO [5]. Thus, in 
this experimentation PSACO algorithm was applied to the traveling 
salesman problem and the performance was compared with other 
MOACO algorithms.

Moreover, four variants have been considered in ant colony 
optimization for multi-objective optimization problems (m-ACO)
[11]. It has been concluded that especially for large instances, tire 
m-AC04 (1, m) variant is better than the other three variants. Thus, 
the m-AC04 (1, m) variant was selected for this experimentation. 
Finally, seven MOACO algorithms -  ACOMOFS, AMPACOA, CPACO. 
mAC04, MACS, MCAA and PSACO -  were considered for this study 
and their performance levels were compared by applying them to 
the travelling salesman problem.

Table 1
A taxonomy for multi-objective ACO algorithms/

Algorithm Number of 
colonies

Use of multiple 
pheromone matrices

Use of multiple 
heuristic matrices

Which solutions were used for global 
pheromone updating

Local
pheromone
updating

Which component was used for 
local pheromone updating

ACOMOFS 1 No No Iteration best solutions Yes Globally best solution
AMPACOA 1 Yes . , Yes Non-dominated solutions No _
CPACO i No Yes Non-dominated solutions No
mAC04 i Yes No Iteration best solutions No -
MACS i No , Yes Non-dominated solutions Yes Initial pheromone
MCAA Multiple Yes . No Non-dominated solutions No
PSACO 1 No No Non-dominated solutions No -
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4.1. A daptation o f  MOACO into m ulti-objective TSP

Only CPACO an d  AMPACOA algo rithm s have been  proposed  for 
th e  m ulti-ob jective travelling  sa lesm an  p rob lem  w h ile  th e  o th e r  five 
MOACO algo rithm s have b een  p roposed  for d ifferen t applications 
such as th e  flow  sh o p  scheduling  p rob lem , vehicle rou ting  problem , 
etc. In o rd e r  to  a d a p t all th e  MOACO algorithm s in to  TSP. several 
changes have to  be  done. Mostly, th e  heu ristic  in form ation  value 
shou ld  be  changed, w h ich  rep resen ts  a priori in form ation  o f  th e  
p rob lem  instance. Also, th e  value  o f  th e  objective function  shou ld  be  
changed  because  d ifferen t applications u se  d ifferen t objective func­
tion  values. Hence, in o rd e r  to  app ly  th e  five MOACO algo rithm s to 
th e  TSP prob lem , th e  follow ing changes w ere  perform ed.

4.1.1. Pareto strength  an t colony optim ization (PSACO)
T he PSACO a lg o rith m  h as b e e n  ap p lied  to  th e  m u lti-o b jec tiv e  

p ro b le m s fo r so lv ing  h o se  ro u tin g  p ro b le m  w h ich  is q u ite  s im ila r 
to  TSP. B ut so m e  ch an g es  sh o u ld  b e  p e rfo rm e d  in  o rd e r  to  a d a p t 
th e  PSACO a lg o rith m  to  TSP. H ence , th e  h e u ris tic  in fo rm a tio n  w ill 
b e  s e t  a s  in th e  fo llow ing  eq u a tio n :

1ii =
k

S'* dk2 - k  =  1 a ij

(33)

w h e re  k is th e  n u m b e r  o f  o b jec tiv es a n d  th e  co s t asso c ia ted  to  th e  
ed g e  ( i j )  o f  each  ob jec tiv e  is d e n o te d  b y  djj.

4.1.2. An efficient a n t colony optim ization  algorithm  fo r  m ulti­
objective f lo w  shop scheduling problem  (ACOMOFS)

ACOMOFS u se s  on ly  o n e  colony  to  o p tim iz e  tw o  ob jec tiv es w ith  
a sin g le  h e u r is tic  m a tr ix  a n d  on ly  o n e  p h e ro m o n e  value . T h e re ­
fore, w h e n  ap p ly in g  th e  a lg o r ith m  for m u lti-o b jec tiv e  TSP th e  
h e u r is tic  m a tr ix  w ill b e  ch an g ed  as in  Eq. (34), w h ich  is b ased  on  
th e  h e u ris tic  m a tr ix  d e fin ed  in Eq. (14).

1
(34)

w h e re  w k is th e  w e ig h tin g  co effic ien t o f  each  o b jec tive . M oreover, 
th e  p h e ro m o n e  u p d a tin g  w ill b e  d o n e  a s  Eq. (15) w h e re  r„  
ca lcu la ted  as follow s:

T« =  * i  (35)
pr

w h e re  F is th e  to ta l ob jec tiv e  fu n c tio n  value  as d e fin ed  in Eq. (36). 
9  a n d  p  a re  fixed p a ra m e te rs .

F =  Y ,  w iJk (36)
lc= 1

w h e re  f k is th e  ob jec tiv e  fu n c tio n  valu e  o f  ob jec tive  k an d  w k is th e  
w e ig h tin g  co effic ien t o f  each  ob jec tive . Equal w e ig h ts  a re  u se d  for 
each  o f  th e  o b jec tiv e  fu n c tio n s. T he w e ig h t can  b e  c o m p u te d  as 
0.5 fo r each  ob jec tiv e  w h e n  ap p lied  to  th e  a lg o r ith m  fo r th e  b i­
c rite ria  o p tim iz a tio n  p ro b lem .

4.1.3. M ulti-objective optim ization  o f  tim e cost quality  quan tity  
using m ulti-colony a n t algorithm  (MCAA)

W h e n  ap p ly in g  th is  a lg o r ith m  to  th e  m u lti-o b jec tiv e  TSP th e  
h e u ris tic  in fo rm a tio n  w ill b e  c o m p u te d  a s  in Eq. (34). F u rth e r­
m ore , a  s ing le  p h e ro m o n e  co effic ien t an d  th e  sa m e  h eu ris tic  
in fo rm a tio n  w ill b e  se t  fo r each  co lony  an d  th e  n u m b e r  o f  co lon ies 
w ill b e  se t  to  th e  n u m b e r  o f  ob jectives.

4.1.4. A nt Colony O ptim ization fo r  M ulti-objective O ptim ization  
Problems (mAC04)

W h e n  ap p ly in g  th e  mAC04 a lg o r ith m  in to  m u lti ob jec tiv e  TSP, 
th e  h e u r is tic  in fo rm a tio n  w h ic h  w ill b e  u se d  by  a  co lony  w ill be

se t  equ a l to  th e  su m  o f  all th e  h e u ris tic  in fo rm a tio n  v a lues re la ted  
w ith  all th e  ob jec tives as follow s:

(37)

w h e re  k is th e  n u m b e r  o f  ob jec tives an d  th e  co st a s so c ia ted  to  th e  
ed g e  ( i f)  o f  each  ob jec tiv e  is d e n o te d  by  dy.

4.1.5. A m ultiobjective an t colony system  fo r  vehicle routing problem  
w ith  tim e w in dow s (MACS)

T he MACS a lg o rith m  h as b e e n  p ro p o se d  on ly  for so lv ing  
o p tim iza tio n  p ro b lem s w ith  tw o  ob jectives. A sing le  co lony  uses 
tw o  h e u ris tic  in fo rm a tio n  v a lu es an d  on ly  o n e  p h e ro m o n e  m atrix . 
MACS a lg o rith m  c a n n o t be  e x te n d e d  to  so lve m u lti-o b jec tiv e  
o p tim iza tio n  p ro b lem s. T herefo re , so m e  ch an g es  a re  m a d e  in 
o rd e r  to  a d a p t it to  d ea lin g  w ith  m u lti-o b jec tiv e  TSP. T herefo re , 
in th e  m u lti-o b jec tiv e  co n tex t it w ill u se  d iffe re n t h eu ris tic  
in fo rm a tio n  v a lues an d  only  o n e  p h e ro m o n e  m a tr ix  for all th e  
ob jectives. H ence, an  a n t m o ves fro m  n o d e  i to  n o d e  j  as in th e  
fo llow ing  eq u a tio n :

j  = I  a rg  m ax jr ,, f] <? < qo/otherw>se. (38)
I J.Nf d=l

w h e re  h d e n o te s  th e  n u m b e r  o f  ob jec tiv es an d  th e  n o d e  J w ill be  
se lec ted  as in th e  fo llow ing  eq u a tio n :

p* =  | X i’"
if  j e N f

o th e rw ise

(39)

T he su m  o f  all h eu ris tic  c o m p o n e n t fac to rs  (y) se t equ a l to  one  
an d  it  w ill b e  ca lcu la ted  as follow s:

h
= i (40)

d= 1

4.2. Performance indicators

D ifferen t facts o f  th e  a lg o rith m s p e rfo rm a n c e  a re  re flec te d  by 
p e rfo rm a n c e  in d ica to rs , su ch  as th e ir  c lo sen ess to  th e  tru e  p a re to  
o p tim a l fro n t an d  th e  d is tr ib u tio n  o f  so lu tio n s  in th e  p a re to  
o p tim a l fro n t. M any p e rfo rm a n c e  in d ica to rs  can  be  ca teg o rized  
in to  tw o  ty p es: u n a ry  m e a su re s  an d  b in a ry  m easu res . A q u a lity  
v a lu e  to  a p a re to  se t  is re p re se n te d  by  u n a ry  m e a su re s  an d  b in a ry  
m e a su re s  c o m p a re  tw o  d iffe ren t p a re to  fro n ts  o b ta in e d  by tw o  
d iffe re n t a lg o rith m s.

4 2 .1 . Overall non-dom inated vector generation (ONVC)
As g iven  in th e  fo llow ing  eq u a tio n . ONVG [16) m e a su re s  th e  

n u m b e r  o f  n o n -d o m in a te d  so lu tio n s  in e ach  p a re to  fro n t, d e n o te d
aS I yknown I •
O N V G = \y knmm\ (41)

w h e re  | | r e p re se n ts  th e  ca rd inality . If th e  v a lu e  o f  ONVG is larger, 
th e n  th e  p a re to  f ro n t is b e tte r .

4 2 2 .  Overall true non-dom inated vector generation (OTNVG) 
OTNVG [16] ca lcu la tes  th e  n u m b e r  o f  so lu tio n s  o f y know„ th a t  

a re  in tru e  p a re to  o p tim a l fron t, y rrue. T he h ig h e r  th e  v a lu e  o f 
OTNVG. th e  b e t te r  th e  so lu tio n s  a re  o b ta in ed . This in d ic a to r  is 
d e fin ed  as g iven  in th e  fo llow ing  eq u a tio n :

O T N V G = |{ y |y e y knovm A y 6 y m f }| (42)

P lease  c ite  th is  a r tic le  as:. I.D.I.D. A riyasingha, T.G.I. F ern an d o , P e rfo rm an ce  an a ly s is  o f  th e  m u lti-o b je c tiv e  a n t  co lony  o p tim iza tio n  
a lg o r ith m s  fo r th e  trav e lin g .-. Sw arm  an d  Evolutionary  C om puta tion  (2015), h ttp ://dx .do i.o rg /IO . 1016.;j.swevo.2 0 15.02.003
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4.2.3. Overall true non-dom inated  vector generation ratio (OTNVGR) 
OTNVGR116] m easu res th e  ratio  be tw een  th e  n u m b er o f solutions 

in OTNVG to  th e  n u m b e r  o f so lu tions o f  tru e  p are to  optim al f ro n t  This 
can  be  expressed  as a  p ercen tage  as given in th e  follow ing equation :

OTNVGR =  5 ™ ^  x  100%  (43)
lymri

A g o o d  so lu tio n  sh o u ld  h av e  a  v a lu e  o f  OTNVGR w h ic h  is c lose 
to  100%.

4.2.4. Error ratio (ER)
T his p e rfo rm a n c e  in d ic a to r  [2] ca lcu la te s  th e  n u m b e r  o f  so lu ­

tio n s  o f  ap p ro x im a tio n  s e t  Q w h ic h  a re  n o t  m e m b e rs  o f  th e  p a re to  
o p tim a l s e t  P* a s  g iv en  in th e  fo llo w in g  e q u a tio n :

(44)

w h e n  i is in  P* th e n  ef= 0  a n d  o th e rw ise  ef= l .  T h e  lo w e r  v a lu e s  o f 
th e  e r ro r  ra tio  in d ic a te  th a t  n o n -d o m in a te d  so lu tio n s  a re  b e tte r .

4.2.5. H ypervolum e ratio (HVR) perform ance indicator
It c an  ca lcu la te  th e  HVR v a lu e  [2] a s  in  th e  fo llo w in g  e q u a tio n :

HVR =
HV(Q)
HV(P)

(45)

w h e re  HV(Q) a n d  HV(P) re p re se n t  th e  v o lu m e  o f  th e  ap p ro x im a te  
p a re to  s e t  a n d  th e  v o lu m e  o f  th e  t r u e  p a re to  se t, respec tive ly . If 
th e  a p p ro x im a te  p a re to  se t  a n d  th e  t r u e  o n e  a re  eq u a l, th e n  th e  
HVR v a lu e  is eq u a l to  o n e . In o th e r  w o rd s , w h e n  th e  HVR v a lu e  is 
c lose to  o n e , th e  a p p ro x im a te  p a re to  se t  is n e a r  th e  t ru e  p a re to  se t. 
T h e  b e t te r  so lu tio n s  h av e  HVR v a lu es c lo se  to  o n e .

4.2.6. Coverage perform ance indicator (C perform ance indicator) 
This p erfo rm ance in d ica to r [2] can  b e  used  to  co m p are  th e  tw o  

se ts o f  no n -d o m in a te d  so lu tions A an d  B to  find th e ir  re lative sp read  
o f  so lu tions. T he C perfo rm an ce  ind ica to r C(A,B) calculates th e  ratio  
b e tw e e n  th e  n u m b e r  o f  so lu tions o f  B d o m in a ted  by  so lu tions in  A to  
th e  n u m b e r  o f  so lu tions in B u sin g  th e  fo llow ing equation :

C(A,B) =  |b e B |3 a , p f  :Q :£ b | (46)
|D| -

H ence th e  v a lu e  C(A, B) =  1 r e p re se n ts  th a t  all th e  so lu tio n s  in  B 
a re  d o m in a ted  by o r  equal to  so lu tions in A. O n th e  o th e r  hand , 
C(A,B) =  0  m ean s  th a t  n o n e  o f  th e  so lu tions in  B a re  d o m in a ted  by 
so lu tions in A. It is im p o rta n t to  no te  th a t  b o th  C(A,B) an d  C(B,A) 
sh ou ld  b e  considered , b ecause  C(A,B) is n o t necessarily  equal to  
1 -C (B .A ).

It h a s  b e e n  o b se rv e d  th a t  th e  t r u e  p a re to  o p tim a l f ro n t  is u sed  
b y  m o s t  p e rfo rm a n c e  in d ica to rs . T here fo re , i t  sh o u ld  b e  ca lcu la ted  
a n  a p p ro x im a tio n  to  th e  tru e  p a re to  o p tim a l f ro n t  w h ic h  is ca lled  
"p se u d o -o p tim a l p a re to  fro n t" , u s in g  th e  fo llo w in g  5  s te p s  [17 |:

•  E ach a lg o rith m  w as ru n  fo r 10 tim e s  to  o b ta in  n o n -d o m in a te d
so lu tio n s ; y „ y 2.......y 10

•  For e ach  a lg o rith m , th e  u n io n  o f  all ru n s  w e re  ca lcu la ted  as

10
/ =  U  y, (47 )is  1

•  T h e  p a re to  f ro n t  o f  e ach  a lg o r ith m  w a s  o b ta in e d  fro m  th e  u n io n  
o f  all ru n s  b y  rem o v in g  th e  d o m in a te d  so lu tio n s , a s  fo llow s:

yACOMOFS’ yAMPACOA’ yCPACO' y  mACO^y MACS* y  MCAA < yPSACO (48)

•  A s e t  o f  so lu tio n s  y  w a s  o b ta in e d  as

y  ”  yACOMOFS U yAMPACOA U yePACO U ymytco, U YmACS U ^MOW

U ypsAco (49)

•  D o m in a ted  so lu tio n s  w e re  re m o v e d  a n d  fina lly  th e  a p p ro x im a ­
tio n  to  th e  t r u e  p a re to  f ro n t w a s  o b ta in e d , ca lled  yapr prac tica lly  
> V  ,n  ° th e r  w o rd s , y apr is an  ex c e lle n t a p p ro x im a tio n  to  
th e  t ru e  p a re to  fro n t, y ~ ,e.

4.3. Problem instances ana param eter se ttin g

T he traveling  sa lesm an  p ro b lem  (TSP) w as se lec ted  to  com pare  
th e  MOACO algo rithm s p resen ted  in  Section 3. Each a lg o rith m  in th is 
study, tw o , th re e  a n d  fo u r objectives w e re  considered  an d  ten  
in d e p e n d e n t ru n s  w e re  m ad e  to  solve th e  TSP prob lem . Therefore, 
six  m ulti-ob jec tive  TSP b en ch m ark  in stan ces w e re  considered : 
kroab50, kroac50, kroabc50, kroabcd50, kroablOO an d  kroabclOO 
w h ich  involve 50  a n d  100 cities respectively  [18]. For fair com par­
ison, th e  sa m e  p a ra m e te r  se ttin g  w as ap p lied  fo r all th e  MOACO 
algo rithm s u se d  in  th is  study. First, th e  m o st effective p aram e te rs  
w h ich  cause  to  th e  perfo rm an ce  o f  th e  a lgo rith m s w e re  iden tified  
an d  th e  b e s t va lues w ere : a=1,fi = 2,p = 0.2,p' = 0.05 an d  
q0 =  0 .98 . T he initial p h e ro m o n e  valu e  t0 o f  each  a lg o rith m  w as 
se t as 5 .5 4 9 8 - £ 1 8 .  N evertheless, th e  mAC04 a lgo rithm  w as app lied  
in  d ifferen t va lues for so m e  p a ram eters . In th e se  f) =  5 an d  q0 =  0.5 
gave th e  b e tte r  n o n -d o m in a te d  so lu tions. F u rtherm ore , MOACO 
algo rithm s w e re  co m p ared  by  changing  b o th  th e  n u m b e r  o f  an ts  
an d  th e  n u m b e r  o f  ite ra tions. H ence, all th e  a lgo rith m s w e re  app lied  
to  th e  th re e  d ifferen t m o d els  a s  g iven  in  Table 2.

The n u m b er o f  an ts (n) an d  n u m b er o f iterations (m) are (n  x  m) 
ranging from  10 x  1 0 0 ,2 0  x 100 an d  20  x  50  w ere  n am ed  as model 1, 
model 2  an d  model 3  respectively. Each MOACO algorithm  o f each m odel 
w as run  10 tim es for a  fixed n u m b er o f iterations. All th e  algorithm s 
w ere  initiated in th e  sam e com puter: Intel Core i3 CPU a t  2.13 GHz, 1GB 
m em ory, U buntu  10.04 env ironm en t using CodeBlocks 10.05.

5. Analysis of results

Som e o f  th e  perfo rm an ce  ind icato rs described  in Section 4.2 w ere  
considered  to  an alyze  th e  perfo rm an ce  o f th e  MOACO algorithm s. 
T he ER perfo rm an ce  in d ica to r calculates th e  n u m b e r  o f  so lu tions o f 
th e  app ro x im atio n  se t w h ich  a re  n o t m em b ers  o f  th e  p a re to  optim al 
set. In th is  exp erim en ta tio n , each  a lg o rith m  re tu rn s  d ifferen t p a re to  
fro n ts  o f  d ifferen t sizes. H ence, ER m ay  calculate m islead ing  resu lts 
w h e n  com paring  th e  sm all an d  large p are to  fron ts w ith  each  other. 
Also, th e  h ypervo lum e ratio  (HVR) p e rfo rm an ce  in d ica to r p roduces 
m islead ing  resu lts w h e n  a  co n v en ien t refe rence  p o in t is n o t found. In 
add ition , it  c an n o t be  easily  app lied  to  m o re  th a n  tw o  objective 
p ro b lem  instances, since calcu lations for finding th e  refe rence  p o in t 
an d  th e  vo lum e is m o re  com plex. Therefore, ER an d  HVR perfor­
m an ce  in d ica to rs w e re  n o t considered  fo r analyzing th e  p erfo rm ance 
o f  MOACO algo rithm s in  th is  study.

In co n tra s t, OTNVGR m e a su re s  b e t te r  re su lts  th a n  th e  ER 
p e rfo rm a n c e  in d ic a to r  sin ce  it  m e a su re s  th e  n u m b e r  o f  so lu tio n s

Table 2
Three d ifferent m odels w hich  MOACO algorithm s w ere  applied  by changing both 
th e  n um ber o f  an ts  and  num ber o f  iterations.

M odel N um ber o f an ts  (n) N um ber o f iterations (m) N otation (n x m)

M odel 1 10 too 10 x 100
M odel 2 20 100 20 x 100
M odel 3 20 50 2 0 x 5 0

P lease  c ite  th is  a r tic le  as: I.D.I.D. A riyasingha, T.G.I, F e rn an d o . P e rfo rm a n c e  an a ly s is  o f  th e  m u lti-o b je c tiv e  a n t  co lo n y  o p tim iz a tio n  
a lg o r ith m s  fo r th e  traveling ..., Swarm  an d  E volutionary  C om puta tion  (2015), h ttp ://dx .do i.o rg /lQ . 1016/i.swcvo.2015.02.003
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o f  th e  a p p ro x im a tio n  se t  w h ich  a re  in th e  p a re to  o p tim a l front. 
Also, it is easy  to  o b ta in  a  re la tiv e  coverage  co m p ariso n  o f  tw o  
so lu tio n  se ts  u sin g  th e  coverage  p e rfo rm a n c e  ind ica to r. M oreover, 
it is m o re  usefu l w h e n  th e  t ru e  p a re to  o p tim a l f ro n t is n o t k n o w n  
o f  th e  rea l w o rld  p ro b lem s. F u rth e rm o re , OTNVGR a n d  C p e rfo r­
m an ce  in d ica to rs  can  b e  easily  ap p lied  to  an a ly ze  th e  p e rfo r­
m an ces  o f  m u ltip le  o b jec tiv e  p ro b lem s. T herefo re , ONVG, OTNVG, 
OTNVGR an d  C p e rfo rm a n c e  in d ica to rs  w e re  se lec ted  to  an a ly ze  
th e  p e rfo rm a n c e  o f  MOACO a lg o rith m s. ONVG a n d  OTNVG p e rfo r­
m an ce  in d ica to rs  w e re  u se d  to  r e p re se n t o n ly  th e  n o n -d o m in a te d  
so lu tio n s  in th is  study .

5.1. Analysis o f  the com pletion tim e

Figs. 1 -9  re p re se n t  th e  s ta tis tic s  o f  th e  co m p le tio n  tim e  re tu rn s  
b y  each  a lg o rith m  for six  m u lti-o b jec tiv e  TSP in s tan c es  fo r th re e  
m o d e ls  se p ara te ly . As d iscu ssed  in Section  4.3, th re e  d iffe ren t 
m o d e ls  w e re  se lec ted  b y  ch an g in g  th e  n u m b e r  o f  a n ts  an d  n u m b e r  
o f  ite ra tio n s . All th e  co m p le tio n  tim e s  w e re  re p re se n te d  usin g  
b o x -p lo ts  in  m illiseconds . If th e  co m p le tio n  tim e  is low er, th e  
a lg o rith m  is fa s te r  an d  v ice versa .

W h e n  c o m p arin g  th e  co m p le tio n  tim e s  o f  b i-o b jec tiv e  TSP 
in s tan c es  (see  Figs. 1. 2. 4. 5. 7 an d  8 ) o f  th re e  m odels, it  is 
n o ticeab le  th a t  ACOMOFS a n d  MACS a lg o rith m s a re  fa s te r  th a n  
o th e r  a lg o rith m s as th e y  o b ta in e d  m in im u m  co m p le tio n  tim es. 
W h e n  w e  co n s id e r  th e  co m p le tio n  tim e s  o f  fo u r ob jec tiv e  TSP 
in s ta n c e  (see  Figs. 3 .6  an d  9), th e  MACS a lg o rith m  b eco m es slo w e r 
th a n  ACOMOFS, CPACO, mAC04 an d  PSACO a lg o rith m s as its  
co m p le tio n  tim e  b eco m es longer. T he re a so n  is th a t, in  each  
ite ra tio n , th e  MACS a lg o rith m  re tu rn s  m o re  n o n -d o m in a te d  so lu ­
tio n s  th a n  o th e r  MOACO a lg o rith m s in  th e  fo u r ob jec tiv e  TSP 
in s tan c e  (KroabcdSO).

W h e n  co m p arin g  th e  co m p le tio n  tim e s  o f  all TSP in s tan c es  (see  
Figs. 1 -9 ) ,  AMPACOA a n d  MCAA a lg o rith m s a re  s lo w e r th a n  o th e r  
a lg o rith m s as th e y  r e tu rn  m a x im u m  co m p le tio n  tim es. T he re a so n  
is th a t  th e  AMPACOA a lg o r ith m  ta k e s  m o re  tim e  to  fin d  a so lu tio n  
as it  co n s id e rs  d iffe re n t tra n s itio n  p ro b ab ilitie s  fo r each  ob jec tive  
as g iven  in  Eq. (25). On th e  o th e r  h an d , th e  MCAA a lg o rith m  tak es 
m o re  tim e  to  find  a  so lu tio n  as it co n s id e rs  o n e  co lony  fo r o n e  
ob jec tiv e  (see  Table 1). T herefo re , co m p le tio n  tim es  o f b o th  
a lg o rith m s a re  h ig h e r  as th e y  ta k e  m o re  tim e  to  find  a so lu tio n  
iterative ly .

H ow ever, w h e n  co m p arin g  each  TSP in s ta n c e  an d  th e  th re e  
m o d e ls  w ith  each  o th er, co m p le tio n  tim e s  o b ta in e d  fo r m odel 
1 an d  m o d el 3  a re  less th a n  m o d el 2. This is b e cau se  th e  p ro b lem  
size  o f  m o d el 2 (20  n u m b e rs  o f  a n ts  u se d  in 100 ite ra tio n s , h en ce  
p ro b lem  size equ a l to  2 0 0 0 ) is tw o  tim e s  la rg e r  th a n  th e  p ro b lem  
size  o f  m o d el 1 (10 n u m b e rs  o f  a n ts  u se d  in 100 ite ra tio n s , h en ce  
p ro b le m  size  eq u a l to  1000) a n d  m o d el 3 (2 0  n u m b e rs  o f  a n ts  u se d  
in 50  ite ra tio n s , h en ce  p ro b lem  size  equ a l to  1000). W h en

co n s id e rin g  all TSP in stan ces, th e  ACOMOFS a lg o r ith m  is th e  
fa s te s t am o n g  all MOACO a lg o rith m s as its  c o m p le tio n  t im e  is 
m in im u m . M oreover, it  c an  b e  o b se rv ed  th a t  th e  o rd e r  o f  c o m p le ­
tio n  tim e s  o f  each  MOACO a lg o rith m  d o es  n o t ch a n g e  w ith  each  
m odel o f  each  TSP in s ta n c e  e x cep t fo r th e  MACS a lg o rith m . 
T herefo re , th e  o rd e r  o f co m p le tio n  tim e  d o es  n o t  d e p e n d  on  th e  
n u m b e r  o f  a n ts  an d  n u m b e r  o f  i te ra tio n s  ex cep t for th e  MACS 
a lg o rith m .

5.2. Visual representation o f  non-dom inated solutions

All th e  n o n -d o m in a te d  so lu tio n s  g e n e ra te d  by each  a lg o rith m  
by  th e ir  10 ru n s  a re  jo in in g  to g e th e r . T hen , a sin g le  p a re to  f ro n t  is 
o b ta in e d  by  rem o v in g  d o m in a te d  so lu tio n s  M9L A fte rw ard s , th e  
g e n e ra te d  p a re to  fro n ts  o f  TSP in s ta n c e s  w ith  b i-o b jec tiv es: 
K roab50, K roac50 an d  KroablOO for th re e  d iffe re n t m o d e ls  a re  
v isua lly  p re se n t  u sin g  sc a tte r-p lo t m a tr ix  m e th o d  (see  Figs. 10-18).

A ccording to  th e se  figures, it is sh o w n  th a t  th e  MACS a lg o rith m  
re tu rn s  good d is tr ib u tio n  ov er th e  p a re to  f ro n t w h ile  o th e r  
MOACO a lg o rith m s re tu rn  n o n -d o m in a te d  so lu tio n s  o n ly  in th e  
cen tra l p a r t  o f  th e  p a re to  fron t. A ccording to  Fig. 10, th e  AMPACOA 
a lg o rith m  re tu rn s  good  n o n -d o m in a te d  so lu tio n s  fo r sm all TSP 
in s ta n c e s  o f size 5 0  (K roab50) o f  m o d el 1. Also, th e  m AC04 
a lg o rith m  re tu rn s  p o o r  n o n -d o m in a te d  so lu tio n s  for sm a ll size  
TSP in s ta n c e s  o f  50  c ities  (K roab50  a n d  K roac50). H ow ever, 
AMPACOA an d  mAC04 a lg o rith m s re tu rn  v e ry  p o o r  n o n -  
d o m in a te d  so lu tio n s  fo r la rg e  TSP in s ta n c e  o f  100 cities 
(KroablOO). T herefo re , it  can  be  n o te d  th a t  AMPACOA a n d  m AC04 
a lg o rith m s a re  o u tp e rfo rm e d  by  o th e r  MOACO a lg o rith m s. M o re­
over. it  is o b se rv ed  th a t  ACOMOFS, CPACO, MCAA an d  PSACO 
a lg o rith m s re tu rn  b e t te r  so lu tio n s  th a n  th e  MACS a lg o r ith m  in th e  
cen tra l p a r t  o f  th e  p a re to  fro n t b u t  th e y  a re  n o t ab le  to  o b ta in  
so lu tio n s  in th e  e n tire  e x te n t  o f  th e  p a re to  fro n t. H ow ever, it 
c a n n o t b e  eas ily  d e te rm in e d  w h ic h  a lg o r ith m  is b e s t a m o n g  th e  
ACOMOFS, CPACO, MCAA an d  PSACO a lg o rith m s as th e y  h av e  
o b ta in e d  s im ila r p a re to  fron ts .

5.3. Analysis o f  the overall true non -dom inated vector generation  
ratio (OTNVGR)

P seudo  o p tim a l p a re to  f ro n t y apr can  b e  o b ta in e d  u sin g  th e  
m e th o d  ex p la in ed  in Section  4.2 w h ic h  is a b e t te r  ap p ro x im a tio n  
to  th e  tru e  p a re to  fro n t. Tables 3 an d  4  re p re se n t  th e  n u m b e r  o f 
so lu tio n s  o f  ly ^ r l  w h ich  w e re  e x p e r im e n ta lly  fo u n d  fo r each  TSP 
in s ta n c e  w ith  re sp e c t to  each  m odel.

Tables 5 -1 0  re p re se n t  a  co m p ariso n  b e tw e e n  th e  so lu tio n s  
w ith  re sp ec t to  th e  ONVG, OTNVG an d  OTNVGR for each  m odel 
found  w ith  MOACO a lg o rith m s. T he h ig h  valu e  o f  OTNVGR 
in d ica tes  th a t  th e  so lu tio n  is b e tte r . A ccording to  th e se  tab le s  it 
can  b e  o b se rv ed  th a t  th e  MACS a lg o r ith m  found  m an y  m o re
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and Kroac50 TSP instances for model 1(10 < 100).
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Fig. 10. Pareto fronts returns by each algorithm for Kroab50 TSP instance in model

15 I— ---------------------------------------------------------------------------------------------
15 25 35 45 55 65 75 85

Objective 1 x 1000

Fig. 11. Pareto fronts returns by each algorithm for Kroab50 TSP instance in model 
2 (20  x 100).

Fig. 12. Pareto fronts returns by each algorithm for KroabSO TSP instance in model 
3 (20 x 50).

so lu tio n s  in  OTNVGR th a n  o th e r  MOACO a lg o r ith m s in  e a c h  m o d el 
o f  e a c h  TSP in s tan c e . T h erefo re , th e  MACS a lg o r ith m  is th e  b e s t 
a lg o r ith m  a n d  a lso  i t  is th e  b e s t a p p ro x im a tio n  to  th e  t r u e  p a re to  
fro n t, y apr. T h e  re a so n  is th a t  th e  MACS a lg o r ith m  o b ta in s  a  s e t  o f  
n o n -d o m in a te d  so lu tio n s  w h ic h  h as b e e n  d is tr ib u te d  all o v e r  th e  
p a re to  fro n t. T here fo re , th e  m o s t  p a r t  o f  th e  p a re to  o p tim a l f ro n t is 
co v e red  b y  th e  MACS a lg o rith m .

n

Fig. 13. Pareto fronts returns by each algorithm for Kroac50 TSP instance in model 
1(10x100).

Fig. 14. Pareto fronts returns by each algorithm for Kroac50 TSP instance in model
2 (20 x 100).

Fig. 15. Pareto fronts returns by each algorithm for KroacSO TSP instance in model 
3 (20 x 50).

Secondly , ACOMOFS a lg o r ith m  is b e t te r  th a n  all th e  o th e r  
MOACO a lg o rith m s, b u t  it  co u ld  n o t  o b ta in  m o re  so lu tio n s  in 
OTNVGR th a n  th e  MACS a lg o rith m . T his is b ecau se  th e  ACOMOFS 
a lg o r ith m  o b ta in s  b e t te r  n o n -d o m in a te d  so lu tio n s  b y  covering  
on ly  th e  c e n tra l p a r t  o f  th e  p a re to  o p tim a l f ro n t a n d  w as  n o t  ab le  
to  o b ta in  re su lts  to  th e  e x te n t  o f  th e  p a re to  o p tim a l fro n t. Also, it  is 
th e  b e s t  ap p ro x im a tio n  to  th e  c e n tra l p a r t  o f  th e  p a re to  o p tim a l

o ACOMOFS 
> AMPACOA 
« CPACO
• MAC04
• MACS 
o MCAA 
♦PSACO

P lease  c ite  th is  a r tic le  as: I.D.I.D. A riyasingha, T.G.I, F e rn an d o . P e rfo rm an ce  an a ly s is  o f  th e  m u lti-o b je c tiv e 'a n t-c o lo n y  o p tim iza tio n  
a lg o r ith m s  fo r th e  traveling ..,, Sw arm  and  E volutionary  C om puta tion  (2015), hu p : y tlx .d u i.o ig 'l 0.1016,;i.swcvo~2015.02 003
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Objective 1
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Fig. 16. Pareto fronts re tu rns by each algorithm  for Kroab100 TSP instance in model
1 {10 X  100).
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Fig. 17. Pareto fronts re tu rns by each algorithm  for KroablOO TSP instance in model
2  ( 2 0  x  1 0 0 ).
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Fig. 18. Pareto fronts retu rns by each algorithm  for KroablOO TSP instance in mode!
3 (20 x 50).

fro n t. M oreover. AMPACOA an d  mAC04 a lg o rith m s a re  o u tp e r ­
fo rm ed  by  all th e  o th e r  MOACO a lg o rith m s b ecau se  th e y  o b ta in  no 
so lu tio n s  in OTNVGR. Also, th e y  o b ta in e d  v e ry  p o o r  p a re to  fro n ts  
w h ich  a re  n o t ab le  to  g ive b e tte r  ap p ro x im a tio n  to  th e  p a re to  
o p tim a l f r o n t  F u rth e rm o re , Table 7 re p re se n ts  th e  la rg e  TSP 
in s ta n c e  o f  100 cities: KroablOO. A ccording to  th e  Table, only

MACS an d  ACOMOFS a lg o rith m s found  b e t te r  so lu tio n s  in OTNVGR 
in each  m odel. T here fo re , o th e r  a lg o rith m s a re  o u tp e r fo rm e d  by 
MACS an d  ACOMOFS a lg o r ith m s as th ey  d id  n o t find  an y  so lu tio n s  
in OTNVGR.

W h e n  co n s id e rin g  all th e  TSP in s tan c es  (see  T ables 5 10), 
ACOMOFS a lgorithm  found b e tte r  so lu tions in OTNVGR in m odel 
1 and  m odel 3. Also. PSACO algorithm  found b e tte r  so lu tions in 
OTNVGR in m odel 2 th an  th e  o th e r  tw o  m odels. M oreover, CPACO 
an d  MACS algo rithm s found d ifferen t values o f  OTNVGR in each 
m odel in each TSP instance. The reason  is th a t it considered  d ifferen t 
nu m b ers o f an ts  an d  d ifferen t n u m b ers  o f  ite ra tions in each  m odel. 
Therefore, it can be  no ted  th a t  w h e n  chang ing  th e  n u m b e r  o f  an ts 
and  n u m b er o f iterations, OTNVGR values o f MOACO algo rithm s have 
b een  changed. Hence, th e  perfo rm ances o f MOACO algorithm s 
changed  w ith  th e  n u m b er o f an ts  and  n u m b er o f ite ra tions used.

In ad d itio n , th e  PSACO a lg o rith m  o u tp e rfo rm e d  AMPACOA, 
mAC04, CPACO an d  MCAA a lg o rith m s in sm all TSP in s ta n c e s  
(K roab50 an d  K roac50) as it o b ta in e d  m o re  so lu tio n s  in OTNVGR 
th a n  th o se  a lg o rith m s . H ow ever. CPACO an d  MCAA a lg o rith m s 
p e rfo rm  b e tte r  in th re e  an d  fo u r ob jec tiv e  TSP in s ta n c e s  as th e ir  
OTNVGR v a lu es a re  h ig h e r  th a n  in b i-o b je c tiv e  TSP in s tan c es .

5.4. Analysis o f  the coverage perform ance indicator

T he su m m a ry  o f th e  re su lts  o b ta in e d  by  all th e  a lg o r ith m s  is 
p re se n te d  u sin g  a se t o f  b o x -p lo ts  as sh o w n  in Figs. 19 21. In each  
box, six b o x -p lo ts  a re  re p re se n te d  fro m  le ft to  r ig h t: I<roab50, 
K roac50, KroablOO, K roabc50, KroabclOO a n d  K roabcd50 . Algo­
r ith m s  A an d  B re fe r  to  tw o  a lg o rith m s in a ro w  an d  co lu m n , 
respec tive ly . This in d ica to r  m e a su re s  th e  p ro p o rtio n  o f  so lu tio n s  o f  
se t  B w h ic h  a re  d o m in a te d  by  so lu tio n s  o f  se t  A. T hus, C(A, B) =  1 
m e a n s  th a t  all so lu tio n s o f  B a re  w eak ly  d o m in a te d  by  so lu tio n s  o f 
A. Also, C(A.B) =  0  in d ica te s  th a t  no  so lu tio n  o f  B is w eak ly  
d o m in a te d  by  A as d esc rib ed  in Eq. (4t>; in Section  4.2. T he m id d le  
line  o f  e ach  box re p re se n ts  th e  m e d ia n s  o f  C(A,B). T he b o tto m  
scale  re p re se n ts  0  an d  1 a t  th e  to p  p e r  each  box.

Fig. 19 re p re se n ts  th e  b o x -p lo ts  o f  re su lts  o b ta in e d  fo r m odel 
1 an d  it sh o u ld  be  n o ted  th a t  th e  ACOMOFS a lg o rith m  p e rfo rm s 
b e s t a m o n g  o th e r  MOACO a lg o rith m s sin ce  its  C p e rfo rm a n c e  
in d ica to r  v a lues a re  a lm o s t ze ro  m o s t o f  th e  tim e . T h is is b ecau se  
p a re to  fro n ts  o b ta in e d  by  th e  ACOMOFS a lg o r ith m  d o m in a te  th e  
p a re to  fro n ts  o b ta in e d  by  o th e r  MOACO a lg o r ith m s on ly  in th e  
cen tra l p a r t  o f  th e  p a re to  o p tim a l f ro n t (see  Figs 13-18). Secondly, 
th e  MACS a lg o rith m  p e rfo rm s b e t te r  th a n  o th e r  MOACO a lg o ­
r ith m s  as its  C in d ic a to r  v a lues a re  clo se  to  zero . H ow ever, th e  
ACOMOFS a lg o rith m  p e rfo rm s b e t te r  th a n  th e  MACS a lg o rith m  
b ecau se  th e  ACOMOFS a lg o rith m  d o m in a te d  so lu tio n s  o f  th e  MACS 
alg o rith m .

Also, AMPACOA an d  mAC04 a lg o rith m s a re  o u tp e rfo rm e d  by  all 
th e  o th e r  a lg o rith m s as th e ir  so lu tio n s  a re  d o m in a te d  b y  o th e r  
a lg o rith m s an d  m o st o f  th e  t im e  th e ir  C in d ic a to r  v a lu es a re  close 
to  one . In ad d itio n . CPACO an d  PSACO a lg o rith m s p e rfo rm  sim ila rly  
as th e y  r e tu rn  s im ila r  C in d ic a to r  va lues . F u rth e rm o re , th e  ACO­
MOFS a lg o rith m  p e rfo rm s b e t te r  fo r b i-o b je c tiv e  TSP in s ta n c e s  in 
m o d el 1 an d  3 as th e ir  C in d ic a to r  v a lu es a re  less th a n  m o d e l 2 (see  
Figs. 19-21). In each  m o d el ACOMOFS, CPACO, MACS an d  MCAA 
a lg o rith m s re tu rn  b e t te r  so lu tio n s  fo r th re e  an d  fo u r o b jec tiv e  TSP 
in s ta n c e s  as th e ir  C in d ic a to r  v a lu es a re  m in im u m  in co m p ariso n  
w ith  bi ob jec tiv e  TSP in s tan c es . T herefo re , it can  be  n o te d  th a t  th e  
p e rfo rm a n c e  o f  MOACO a lg o rith m s d e p e n d s  on  th e  v a ria tio n  o f 
ob jectives.

5.5. General analysis

By su m m a riz in g  all th e  d e ta ile d  analyses, so m e  key g lobal 
co n c lu s io n s can  b e  d ra w n  as fo llow s: In te rm s  o f  co m p le tio n

P lease  c ite  th is  a r tic le  as: 1.D.LD. A riyasingha, T.GJ. F ernan d o , P erfo rm an ce  an a ly s is  o f  th e  m u lti-o b je c tiv e  a n t  co lony  o p tim iz a tio n  
a lg o r ith m s  fo r th e  trav e lin g —, Sw arm  and  Evolutionary  C om puta tion  (2015), h t lp :7cbi.doi.org T 0 1 0 l 6  i swevo 2015 02.003________________
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Table 3
Total num ber of non-dom inated  so lu tions o f (yopr I for Kroab50. Kroac50 and  KroablOO TSP instances.

TSP instance 

M odel

Kroab50 Kroac50 KroablOO

M odel 1 M odel 2 M odel 3 M odel 1 M odel 2 M odel 3 M odel 1 M odel 2 M odel 3

lyapri 91 136 110 101 143 81 101 91 93

Table 4
Total num ber o f non-dom inated  so lu tions o f |y apr| for KroabcSO, KroabclOO and  Kroabcd50 TSP instances.

TSP instance KroabcSO KroabclOO Kroabcd50

M odel M odel 1 M odel 2 M odel 3 M odel 1 M odel 2 M odel 3 M odel 1 M odel 2 M odel 3

1 y«ij>r 1 877 976 830 1187 1533 1213 2537 3774 2779

Table 5
Com parison o f solutions w ith  y apr o f Kroab50 TSP instance for each model.

MOACO algorithm Kroab50

M odel 1(10 x 100) M odel 2(20 x 100) M odel 3(20 x 50)

ONVG OTNVG OTNVGR (X) ONVG OTNVG OTNVGR (X) ONVG OTNVG OTNVGR (X)

ACOMOFS 24 9 9.89 27 1 0.74 42 0 0.00
AMPACOA 20 0 0.00 36 0 0.00 15 0 0.00
CPACO 14 11 12.08 32 2 1.47 20 17 15.46
mAC04 11 0 0.00 22 0 0.00 16 0 0.00
MACS 85 59 64.84 116 86 63.23 108 86 78.18
MCAA 10 0 0.00 31 0 0.00 15 0 0.00
PSACO 60 12 13.19 48 47 34.56 23 7 6.36

Table 6
Com parison o f so lu tions w ith  y apr o f Kroac50 TSP instance for each  m odel.

MOACO algorithm Kroac50

M odel 1(10 x 100) M odel 2(20 x 100) M odel 3(20 x 50)

ONVC OTNVG OTNVGR (X) ONVG OTNVC OTNVGR (X) ONVG OTNVG OTNVGR (X)

ACOMOFS 35 35 34.65 29 27 18.88 24 24 29.63
AMPACOA 15 0 0.00 17 0 0.00 25 0 0.00
CPACO 6 0 0.00 17 0 0.00 16 0 0.00
mAC04 32 0 0.00 29 0 0.00 19 0 0.00
MACS 79 64 63.37 128 88 61.54 72 54 66.67
MCAA 20 0 0.00 42 0 0.00 32 0 0.00
PSACO 34 2 1.98 62 28 19.58 30 3 3.70

Table 7
Com parison o f solutions w ith  y apr o f KroablOO TSP instance for each m odel.

MOACO algorithm KroablOO

M odel 1(10 x 100) M odel 2(20 x 100) M odel 3(20 x 50)

ONVG OTNVG OTNVGR (X) ONVG OTNVG OTNVGR (X) ONVG OTNVG OTNVGR (X)

ACOMOFS 20 20 19.80 15 15 16.48 19 19 20.43
AMPACOA 16 0 0.00 21 0 0.00 16 0 0.00
CPACO 9 0 0.00 12 1 1.10 16 1 1.07
mAC04 24 0 0.00 10 0 0.00 21 0 0.00
MACS 102 81 80.20 92 73 8 0 2 2 99 73 78.50
MCAA 12 0 0.00 15 0 0.00 9 0 0.00
PSACO 24 0 0.00 26 2 2.20 11 0 0.00

tim es , th e  re su lts  o b ta in e d  sh o w  th a t  ACOMOFS is th e  fa s te s t p o o r  co m p le tio n  tim es . In ad d itio n , th e  MACS a lg o r ith m  ach iev es a
a lg o r ith m  a s  it o b ta in s  th e  m in im u m co m p le tio n  t im e  w h ile g o o d  co m p le tio n  t im e  e x c e p t fo r th e  fo u r o b jec tiv e  TSP in s tan c e .
AMPACOA a n d  MCAA a re  th e  s lo w e s t a lg o r ith m s  a s  th e y  o b ta in F u rth e rm o re , i t  is  o b se rv e d  th a t  th e  o rd e r  o f  c o m p le tio n  t im e  o f

P lease  c ite  th is  a r tic le  as:;: i D ID . A riyasingha, T.G.I. F ern an d o . P e rfo rm a n c e  an a ly s is  o f  th e  m u ltih o b jec tiv e  a n t  co lony  o p tim iz a tio n  i
a lg o r ith m s  fo r th e  traveling ..., Swarm  an d  E volutionary  C om puta tion  (2015), h u p : '/d x .d o i .o r g /T 0 .1 0 1 6 /j.-sw evo?2015 :0 2 :0 0 3  .
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Table 8
Comparison of solutions w ith  yap, o f Kroabc50 TSP instance for each model.

MOACO algorithm KroabcSO

M odel 1(10 » 100) M odel 2(20 x 100) Model 3(20 x 50)

ONVG OTNVG OTNVGR (%) ONVG OTNVG OTNVGR{%} ONVG OTNVG OTNVGR {%)

ACOMOFS 160 131 14.94 194 71 7.27 143 134 16.15
AMPACOA 92 0 0.00 155 0 0.00 98 0 0.00
CPACO 35 23 2.62 62 32 3.29 54 46 5.54
mACO* 77 0 0.00 83 0 0.00 86 0 0.00
MACS 914 657 74.91 1119 794 81.35 846 627 75.54
MCAA 49 If 1.26 72 1 0.10 88 5 0.60
PSACO 110 55 6.27 105 78 7.99 57 18 2.17

Table 9
Comparison of solutions w ith  y ^ r of KroabcfOO TSP instance for each model.

MOACO algorithm KroabclOO

M odel 1(10 x 100) M odel 2(20 x 100) Model 3(20 < 50)

ONVG OTNVG OTNVGR (%) ONVG OTNVG OTNVGR (%) ONVG OTNVG OTNVGR{%)

ACOMOFS 123 123 10.36 208 208 13.57 156 156 12.86
AMPACOA 54 0 0.00 138 0 0.00 120 0 0.00
CPACO 33 30 2.53 77 61 3.98 73 52 4.29
mACO* 73 0 0.00 136 0 0.00 120 0 0.00
MACS 1183 1034 87.11 1463 1262 82.32 1133 1002 82.60
MCAA 50 0 0.00 65 2 0.13 77 0 0.00
PSACO 63 0 0.00 66 0 0.00 64 3 0.25

Table 10
Comparison of solutions w ith  y apr of Kroabcd50 TSP instance for each model.

MOACO algorithm Kroabcd50

M odel 1(10 x 100) M odel 2(20 x 100) Model 3(20 * 50)

ONVG OTNVG OTNVGR (%) ONVG OTNVG OTNVGR (X) ONVG OTNVG OTNVGR (%)

ACOMOFS 535 535 21.01 672 655 17.35 492 488 17.56
AMPACOA 236 0 0.00 435 0 0.00 340 0 0.00
CPACO 38 35 1.38 104 100 2.65 83 81 2.91
mACO* 228 0 0.00 255 0 0.00 254 0 0.00

MACS 2642 1933 76.19 3821 2956 78.33 2797 2169 78.05
MCAA 157 23 0.91 250 11 0.29 236 25 0.90
PSACO 127 13 0.51 130 52 1.38 148 16 0.58

MOACO a lg o rith m s a re  n o t d e p e n d e n t on  th e  n u m b e r  o f  a n ts  an d  
th e  n u m b e r  o f  i te ra tio n s  u se d  e x c e p t fo r th e  MACS a lg o rith m .

W h e n  re p re se n tin g  b i-o b je c tiv e  TSP in s tan c es  graph ically , it 
sh o w s th a t  on ly  th e  MACS a lg o r ith m  re tu rn s  goo d  d is tr ib u tio n  all 
o v e r  th e  p a re to  f ro n t w h ile  all o th e r  a lg o rith m s o b ta in  n o n -  
d o m in a te d  so lu tio n s  on ly  in th e  c e n tra l p a r t  o f  th e  p a re to  fron t. 
M oreover, th e  AMPACOA an d  mAC04 a lg o rith m s a re  o u tp e rfo rm e d  
by o th e r  a lg o rith m s . F urther, ACOMOFS, CPACO, MCAA a n d  PSACO 
a lg o rith m s o b ta in  b e t te r  so lu tio n s  in th e  ce n tra l p a r t  o f  th e  p a re to  
f ro n t an d  th e y  a re  c o m p e titiv e  w ith  each  o ther.

W h e n  co n s id e rin g  th e  OTNVGR p e rfo rm a n c e  ind ica to r, it can 
be co n c lu d ed  th a t  th e  MACS a lg o r ith m  is th e  b e s t p e rfo rm in g  
a lg o rith m  o v e r th e  o th e r  MOACO a lg o rith m s, w h ile  ACOMOFS is 
th e  seco n d  b e s t a lg o rith m . A ccording to  Table 1, on ly  th e  MACS 
an d  ACOMOFS a lg o rith m s u se  th e  local p h e ro m o n e  u p d a tin g . In 
ad d itio n . AMPACOA an d  mAC04 a lg o rith m s a re  o u tp e rfo rm e d  by  
o th e r  a lg o rith m s in  all s itu a tio n s . As g iven  in Table 1. AMPACOA

a n d  mAC04 a lg o rith m s u se  o n e  colony  w ith  m u ltip le  p h e ro m o n e  
m atric es. M oreover, th e  PSACO a lg o rith m  r e tu rn s  b e t te r  so lu tio n s  
for th e  p ro b lem  o f la rg e  size  o f  2 0 0 0  (20  x 100 m o d el). Also, th e  
ACOMOFS a lg o rith m  p ro d u ced  th e  b e s t re su lts  for th e  p ro b le m  o f 
sm all size  o f  1000 (10  x 100 a n d  20  x 50  m o d els). Therefore, it can 
be  concluded th a t th e  perform ance of som e MOACO algorithm s 
d epend  slightly on th e  num bers o f  an ts and  num bers o f iterations used.

A ccording to  th e  C p e rfo rm a n c e  ind ica to r, th e  ACOMOFS an d  
MACS a lg o rith m s a re  th e  b e s t MOACO a lg o rith m s. B ut ACOMOFS is 
s lig h tly  b e t te r  th a n  th e  MACS a lg o rith m  as th e  so lu tio n s  o f  th e  
ACOMOFS a lg o r ith m  d o m in a te s  so lu tio n s  o f  th e  MACS a lg o rith m . 
Also, AMPACOA an d  mAC04 a lg o r ith m s  a re  d o m in a te d  by  all th e  
o th e r  MOACO a lg o rith m s. N everth e less , ACOMOFS, CPACO, MACS 
an d  MCAA a lg o rith m s p ro d u c e  b e t te r  re su lts  fo r th re e  a n d  fo u r 
ob jec tiv e  TSP in s ta n c e s  th a n  fo r b i-o b jec tiv e  TSP in s tan c es . T h e re ­
fore, it can  be  co n c lu d ed  th a t  v a ria tio n  o f  o b jec tiv es  ch an g e  th e  
p e rfo rm a n c e  o f  MOACO a lg o rith m s.
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6. Concluding remarks

T his c o n tr ib u tio n  h a s  d e m o n s tra te d  th a t  th e  c o m p a riso n  o f  th e  
re c e n t MOACO a lg o r ith m s w h e n  a p p lie d  to  th e  six  in s ta n c e s  o f  th e  
m u lti-o b je c tiv e  TSP p ro b le m  to  o p tim iz e  tw o , th r e e  a n d  fo u r 
ob jec tiv es . T h e  c o m p a riso n  w a s  p e r fo rm e d  b y  ch an g in g  th e  
n u m b e rs  o f  a n ts  a n d  n u m b e rs  o f  ite ra tio n s . MOACO a lg o rith m s 
h av e  b e e n  c o m p a re d  g rap h ica lly  u s in g  th e  sc a tte r-p lo t m a tr ix  
m e th o d , a s  w e ll a s  in  te rm s  o f  p e rfo rm a n c e  in d ic a to rs  (OTNVGR 
a n d  C in d ic a to r)  a n d  c o m p le tio n  tim e s . A ccord ing  to  th e  re su lts

o b ta in e d , so m e  k ey  co n c lu s io n s can  b e  d ra w n . In te rm s  o f  
c o m p le tio n  tim e , th e  re su lts  sh o w e d  th a t  th e  ACOMOFS a lg o r ith m  
is th e  f a s te s t a lg o r ith m  in  all s itu a tio n s . H ow ever, th e  o rd e r  o f  
c o m p le tio n  t im e s  o f  MOACO a lg o r ith m s a re  n o t  d e p e n d e n t  o n  th e  
n u m b e r  o f  ob jec tiv es , n u m b e r  o f  a n ts  a n d  n u m b e r  o f  i te ra tio n s  
u se d  e x c e p t fo r th e  MACS a lg o rith m . G raphically , it  can  b e  seen  th a t 
AMPACOA an d  mAC04 algorithm s a re  ou tperform ed  by all th e  o th er 
algorithm s. The MACS algorithm  re tu rn s non-dom ina ted  solutions 
th roughou t th e  p are to  fron t an d  also it  covers a  g rea ter p roportion  of 
th e  pseudo  pareto  optim al front th an  o th e r  algorithm s.
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Fig. 21. Box-plots o f the  results obtained by th e  C perform ance indicator for MOACO algorithm s o f m odel 3.

According to  th e  OTNVGR perform ance indicator, th e  MACS algo­
rith m  produces th e  best perform ance w hile  th e  AOOMOFS algorithm  is 
found to  have th e  second bes t perform ance over o th e r  MOACO 
algorithm s. But w h e n  considering th e  C perform ance indicator, the  
ACOMOFS algorithm  dom inates th e  solutions o f  th e  MACS algorithm  as 
th e  ACOMOFS algorithm  obtains b e tte r  non-dom inated  solutions in the  
central p a rt o f th e  pareto  f ro n t  Therefore, it can be  concluded th a t 
MACS an d  ACOMOFS algorithm s perform  b e tte r in all d ie  situations 
considered. Moreover. CPACO, MCAA and  PSACO algorithm s are 
com petitive w ith  each other. Furtherm ore, th e  perform ances o f  som e 
MOACO algorithm s such as ACOMOFS, CPACO. MCAA and  PSACO 
algorithm s d epend  slightly on  th e  n u m b er o f  objectives, n u m b er o f 
an ts and  n u m b er o f  iterations used.

For fu tu re  d e v e lo p m e n t  an  id ea  w h ich  a rise s  fro m  th is  s tu d y  is 
to  s tu d y  th e  p e rfo rm a n c e  o f  th e s e  MOACO a lg o r ith m s in  o th e r  
co m b in a to ria l o p tim iz a tio n  p ro b le m s su ch  as th e  q u a d ra tic  a ss ig n ­
m e n t  p ro b le m  a n d  th e  jo b  sh o p  sc h ed u lin g  p ro b lem .
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