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Introduction:-

Consider the linear vector differential equation x(t) = Ax(t), where x(t) is an n-vector and A is an n X n matrix. It
plays a fundamental role in the study of dynamical systems and linear control systems. It is well known that the
solution to this equation is given by x(t) = e4‘x,, where e4¢ denotes the exponential of the matrix A times t and
can be identified as the convergent power series
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Therefore, it is important to have accurate numerical methods for computing the matrix exponential function. As a
result of this, many explicit formulas have been developed for the matrix exponential by many authors. Through this
work, we also hope to give explicit formulas for computing the exponentials of some special matrices.

Main Results:-

Denote the set of non-negative integers by Ny, the set of complex numbers by C, and the set of all n x n complex
matrices by C™™.The symbols 0, and I,, will be used to denote the n X n zero matrix and the n x n identity
matrix, respectively.

Bernstein and So gave explicit formulae for A*> = A, A’= pl,and A’= p A,peC and Beibei Wu gave explicit
formulae for A*'=pA¥, A“*=p?A* and A*"*=p°A* peC and k € N,,. Now we hope to extend Beibei Wu’s results to
the general cases. Furthermore, we derive explicit formulae for computing the exponentials of some special matrices
that satisfy polynomials A**'=p*AX and A2 = JU*AAK 5 e C; k,r € N,.
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Theorem 1. Let € C™" , where A4 = p*"A¥ p € C; k,r € N,.

i. Ifp=20then
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ed = Z -
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i=0

ii. Ifp+0,k=(4r)l(le€N,),then
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VA, Z PN gy PR ) e P N e
£ Q! (4rm)! (4rm + 1)! (4rm + 2)!
i=0 m=k/4r m=k/4r m=k/4r
© (4ar)ym-k
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£ (4rm + (4r 1)) (4rm + (4r 1))

where

mzzo (Z::)' = ( 1 1 ) [ep — cos(7'1[/4r) -p COS( ) cos (p sin (%))] r=1,23, ...

1+ cos(m/4r)

Proof:

L o) cos (psin (1)

B cos(m/4r) 4r
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B cos(m/4r) [E €

(4r-1m
08 ~—r
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By De Moivre’s theorem,
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Since, cos nt = (—1)" andsinnmt =0,
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4-rm

Z (4rm)! [ cos(i/4r)

(_1)4rm(_1)m +A4+B+--+C,

where
© 4 1
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Now let cos &XmHUT — B.

Then cos 4r (W) = cos((4rm + D) = (—1)*M*t = —(—1)4m,

Letﬂ——cos( )( 1)4rm

4rm+1
It implies that, cos (M> =— cos( )( 1)4rm

4r
Now
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Therefore,
1 _ ( ) 4—rm 1
- p cos| _1\#r+1)m
cos(m/4r) € cos (p sm Z (4rm)! [ cos(m/4r) D ]

4rm

Z (4rm)! [ cos(i/ﬁlr)]

Hence, we get

1
cos(n/4r)
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cos(m/4r)

By integrating this result by p we can obtain the formulas for remaining infinite power series.

Similarly we can derive the formulas for e4 when

k=0@r)l+1,4r)l+2,..,(4r)l+ (4r —1); (L€ Ny).

Next, we consider the case in which A satisfies that A"“*2 = p@*2 Ak € C; k,r € N,.

Theorem 2. Let € €™, where A" 2=l AaK € ¢; k,r € N,
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i. Ifp=0then
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(k/(4r+2))-1
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> (4r+2)m+(4r—1)
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=0,and
4r+2)m+ (4r+1))n
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1 T T
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By integrating this result with respect to p we can obtain the formulas for remaining infinite power series.

Similarly we can derive the formulas for e4 when

k=Ur+2)l+1,@r+2)l+2,..,4r+2)l+ (4r + 1); (LE N,).
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